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Abstract

As Artificial Intelligence (AI) systems are increasingly deployed in high-stakes settings,
the need for humans to understand their behaviour has grown accordingly. Example-
based eXplainable Al (XAI) addresses this need by selecting informative examples that
illustrate how a model behaves. This thesis investigates how machine teaching (MT)
— a formal theory of teaching by examples — can serve as a theoretical grounding for
example-based XAI. In MT, a teacher selects a set of examples so that a learner can
uniquely identify a target concept among alternative concepts. Defining the Al to be
explained as the target concept translates explanation into a teaching task: finding the
examples that best distinguish this AI from other candidate concepts. The overarching
goal is that the human learner, from a small set of well-chosen examples, understands

the model well enough to simulate it — predict its behaviour on new instances.

We present a user study where MT-selected examples helped humans understand a
target concept better than random examples of comparable complexity, provided the
learner model aligned with the human learner. We further extend the theory to concept
classes with redundant representations, and prove a conjecture on which concept classes

minimise the number of realisable teaching sets.

We also explore example-based XAI for time series. A user study of our interactive
model-inspection tool found no gain in participants’ accuracy — the time series themselves
appeared too complex — prompting a simplification technique tailored to XAl and a

framework for evaluating simplification algorithms as explanations.

Bridging MT and XAI, we use teaching size to compare concept complexity across modal-
ities (text and image) in vision-language models, and find that relative complexity is
largely preserved. Finally, we introduce PAC teaching, replacing perfect learners with
learners that make stochastic deductive errors when checking examples against concepts,

and provide algorithms, hardness results, and an empirical validation on an LLM.

These results position machine teaching as a principled foundation for selecting explana-

tory examples, and identify modelling the human learner as the central challenge ahead.
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Sammendrag

Kunstig intelligens (KI) brukes i dag mer og mer i hgyrisikosituasjoner. Dette gir et gkt
behov for a forsta Kl-systemer. En mate a forsta dem pa er eksempelbasert forklarbar KI
(XAI), hvor informative eksempler illustrerer hvordan KI-systemet oppfgrer seg. Denne
avhandlingen undersgker hvordan maskinundervisning (MU, eng. machine teaching) —
en formell teori for undervisning ved hjelp av eksempler — kan fungere som et teoretisk
fundament for eksempelbasert XAIL. I MU velger en underviser et sett med eksempler slik
at en student entydig kan identifisere et gitt malkonsept. Bade underviseren og studenten
kan veere et menneske eller en maskin. Lar vi malkonseptet veere selve Kl-systemet som
skal forklares, blir forklaringsproblemet gjort om til et undervisningsproblem: a finne
de eksemplene som best skiller dette Kl-systemet fra andre kandidatkonsepter. Det
overordnede malet er at et menneske i rollen som student, ut fra et lite sett med velvalgte
eksempler, forstar Kl-systemet godt nok til a kunne simulere det — forutsi hvordan det

oppforer seg pa nye instanser.

I en brukerstudie sa vi at eksempler valgt med MU hjalp deltakerne til a forsta et gitt
konsept bedre enn tilfeldig valgte eksempler med tilsvarende kompleksitet — forutsatt at
studentmodellen samsvarte med den menneskelige studenten. Videre utvider vi teorien
ved a ta hensyn til at samme konsept kan ha flere representasjoner, og beviser en for-
modning om hvilke konseptklasser som minimerer antallet realiserbare undervisningssett

(eng. teaching sets).

Vi utforsker ogsa eksempelbasert XAl for tidsserier. I en brukerstudie av vart interak-
tive verktgy for modellinnsyn (eng. model inspection) sa vi ingen bedring i deltakernes
treffsikkerhet — tidsseriene i seg selv sa ut til a vaere for komplekse. Dette ledet til en
forenklingsteknikk skreddersydd for XAl og et rammeverk for a evaluere forenklingsal-

goritmer som forklaringer.

Som en bro mellom MU og XAI bruker vi undervisningsstgrrelse (eng. teaching size) til a
sammenligne konseptkompleksitet pa tvers av modaliteter (tekst og bilde) i modeller som
handterer begge deler, og finner at den relative kompleksiteten i stor grad bevares. Til

slutt introduserer vi PAC-undervisning (eng. PAC' teaching), der antakelsen om perfekte
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studenter erstattes med studenter som gjor stokastiske deduktive feil (eng. deductive
errors) nar de sjekker eksempler mot konsepter, og vi gir algoritmer, hardhetsresultater

og en empirisk validering pa en stor sprakmodell (LLM).

Disse resultatene etablerer maskinundervisning som et prinsipielt fundament for a velge
informative eksempler, og peker pa modellering av den menneskelige studenten som den

sentrale utfordringen fremover.
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Synthesis






Chapter 1

Introduction

In recent years, the use of Artificial Intelligence (AI) in high-stakes situations has fuelled
the need for eXplainable AT (XAI) [Barredo Arrieta et al., 2020; Gunning and Aha, 2019].
These Al systems are typically machine learning models whose decision logic is opaque
even to experts — so-called black-box models [Guidotti et al., 2018] — and throughout
this thesis we use the terms AI, model and black-box model interchangeably. As a
field, XAI has many different goals, from increased trust to improved human-computer
interaction [Rong et al., 2024]. We will focus on the goal of understandability: how well a
human understands a given model. Concretely, we will measure understanding through
simulatability, the ability of a human to predict the model’s behaviour on new instances
[Doshi-Velez and Kim, 2017]. Taking this view, the tools and methods built in XAI can

be viewed as ‘Teachers’ for the human ‘Learner’.

Specifically, this thesis focuses on the subcategory of XAI referred to as example-based
explanations [Barredo Arrieta et al., 2020; Molnar, 2020]. These could be typical ex-
amples (prototypes; Bien and Tibshirani, 2011), atypical examples (criticisms; Kim
et al., 2016), or minimally altered examples that change the prediction (counterfactuals;
Wachter et al., 2018). In general, we can say that the aim of example-based explana-
tions is to select informative (example, Al prediction) pairs, such that a human learner

gains understanding of the model.

In this thesis we evaluate how machine teaching [Goldman and Kearns, 1995; Zhu et al.,
2018] — a formal theory of teaching by examples — can serve as a theoretical grounding

for example-based XAI, identify where it works well, and investigate its limitations.

We start from a simple assumption about human learners: when faced with a new Al,
they draw on their experience and form a mental list of possible rules or approximations
for how the AI will act.
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Current example-based XAI methods typically do not utilise this idea explicitly. They
either focus on teaching the data distribution (prototypes) or local aspects of the deci-
sion boundaries (counterfactuals). However, under the assumption that humans generate
hypotheses, the goal of XAl should be to help the learner identify the best such hypoth-

esis.

With such a view of example-based XAl as a problem of concept identification among a
range of possible hypotheses, it is clear that there are connections to machine teaching:
a framework for selecting informative examples, such that a learner can identify a target
concept in a given hypothesis space. Formalising this view — with the XAI system as
the teacher, the human as the learner, and the Al model as the target concept — gives a

framework for example-based explanations grounded in machine teaching.

Implicit in this view is the assumption that a learner who identifies the correct concept
also understands it well enough to predict the model’s actions on new instances. As
mentioned, the empirical work in this thesis evaluates understanding through exactly
such forward simulation, and Paper (viii) later considers learners for whom this link

weakens.

The work presented in this thesis can be positioned along two axes, as shown in Figure
1.1: the horizontal axis spans from theoretical to empirical results, and the vertical
axis from machine teaching to example-based XAl. This positioning gives three natural
groups for the eight papers that make up the main contribution of this thesis. The
first group, machine teaching (blue), focuses on theoretical aspects of machine teaching
viewed in the XAT setting (Papers (iii) and (ii)), as well as evaluating how well humans
align with idealised formal learners (Paper (i)). The second group, example-based XAl
(red), works in the time series domain: we evaluated how well humans perform as active
learners, freely exploring a classifier and its predictions (Paper (iv)), and tested how
and when simplification can help in teaching situations (Papers (v) and (vi)). The
final group (green) bridges the two fields: Paper (vii) uses teaching size to measure
drawing-identification complexity in vision-language models, and Paper (viii) replaces
the assumption of perfect learners with learners that make mistakes, aligning the theory

more closely with what we observe in practice.

The rest of the synthesis given in Part I is organised as follows. Chapter 2 introduces
the machine teaching framework for XAl, and follows up with different work on machine
teaching (Papers (i)—(iii)). Chapter 3 turns to example-based XAl for time series clas-
sification (Papers (iv)—(vi)). Chapter 4 presents the two papers combining aspects of
the fields (Papers (vii) and (viii)). Chapter 5 then discusses the results and their limita-

tions, before presenting directions for future work and concluding. Part II then presents



the papers themselves.

Example based XAI
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Figure 1.1: The eight papers of this thesis, positioned by field (machine teaching vs.
example-based XAI) and type of result (theoretical vs. empirical).
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Chapter 2

Machine Teaching

In this chapter, we present our work on machine teaching. To aid understanding, we
begin with a toy example of machine teaching that will be used throughout the chapter.
We then present three papers: the first on adapting machine teaching for explanations

and the other two on properties of the concept class in machine teaching.

2.1 The machine teaching setting

A central goal of this thesis is to investigate how machine teaching can be used to
generate example-based explanations for Al systems. In example-based eXplainable Al
(XAI), explanations are provided through carefully selected examples that illustrate how
a machine learning model behaves in different situations [Molnar, 2020; Ribeiro et al.,
2018; van der Waa et al., 2021]. The underlying assumption is that humans, by creating
their own mental models, can often understand a system more effectively from examples

than from a complete description of the model itself.

Machine teaching (MT) studies how to select examples for learning [Zhu et al., 2018].
Given a target concept, the goal is to identify a small set of labelled examples — known
as a teaching set' — that allows a learner to infer the target concept. Since explanations
should ideally be concise, machine teaching provides a natural starting point for selecting

explanatory examples.

In MT this is formalised by assuming that both teacher and learner share a common con-
sistency matrix over a concept class C' and an instance space X, with one row per concept

and one column per instance. For each concept-instance pair, the consistency matrix in-

IPapers (ii) and (iii) use the equivalent term witness set.
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dicates whether the instance belongs to the concept. To illustrate this setting, consider
the instance space X = {2,4,5,9} and the concept class C' = {Ceven, Cprimes Cmult3; €2},
where ceven denotes the even numbers, cprime the prime numbers, cpus the multiples of
three, and c-5 the numbers greater than two. Table 2.1 shows the binary consistency
matrix describing the membership of each instance in each concept. For instance, in the
row of cs the column (2) has the value 0, as 2 is not part of the concept cso, whereas

all other columns have 1, since they are part of the concept.

Table 2.1: A simple concept class used to illustrate machine teaching. An entry is 1 if
the instance belongs to the concept and 0 otherwise.

Concept | / Examples - 2 4 5 9
Ceven 1 1 0 O
Cprime 1 0 1 0
Cmult3 0O 0 0 1
C>2 0O 1 1 1

We denote a labelled example by (z,y), where x is an instance and y € {7, F'} (True
or False) is its label. Here, (x,7T) indicates that instance x belongs to the concept,
corresponding to a 1 in the consistency matrix, while (z, F) indicates that it does not,
corresponding to a 0. A concept ¢ is said to be consistent with a labelled example
(z,y) if it assigns label y to instance x, denoted ¢ |= (x,y). More generally, a concept is
consistent with a set S of labelled examples if it is consistent with every labelled example
in S, denoted ¢ |= S. A teaching set for a target concept ¢* € C'is aset S C X x{T, F'}
of labelled examples such that ¢* | S, selected by the teacher and presented to the
learner. We say that S uniquely identifies c¢* if ¢* is the only concept in C' consistent
with S. Note that the definition of a teaching set requires the teacher to be truthful:

every example is labelled according to the target concept.

Suppose the target concept is Cprime, i-€. the teacher aims to teach cprime. A single labelled
example is insufficient to uniquely identify the target concept. For example, both cprime
and Ceyen are consistent with (2,7"). However, the teaching set {(2,7), (4, F)} uniquely

identifies cprime, as it is the only concept in C' that labels 2 positively and 4 negatively.

More generally, every concept in Table 2.1 can be uniquely identified using two labelled
examples, while no single example suffices. The goal of machine teaching is to find, for
each concept, the smallest teaching set S that leads the learner L to select the target
concept ¢, i.e. L(S) = ¢*. Comparing the sizes of these teaching sets across a concept
class leads to the teaching dimension (7'D), defined as the size of the largest such teaching
set. At its inception, Goldman and Kearns [1995] required ¢*, and no other concept, to
be consistent with S — unique identification, as above — so that any learner returning

a concept consistent with S must return ¢*; we refer to this specific case of T'D as the
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classical teaching dimension. Unless otherwise stated or clear from context, T'D refers to
the classical teaching dimension. The concept class in Table 2.1 therefore has (classical)

teaching dimension 2.

2.2 Machine teaching for explanations

The first paper, Paper (i), investigates how machine teaching can be adapted to gen-
erate explanations for AI systems. More specifically, the paper studies the trade-off
between two competing objectives. On the one hand, explanations should be simple
and contain as few examples as possible (low teaching complexity). On the other hand,
they should accurately communicate the behaviour of the target Al (high explanatory

fidelity). Balancing the two is the key challenge.

In Paper (i), the AI to be explained takes the role of the target concept 64;. The XAI
system is modelled as a teacher that selects explanatory examples for a learner, who
in our setting is a human aiming to gain insight into the AI. The goal is to construct
a small teaching set that enables the learner to build an accurate mental model of the

target system.

To formalise this process, we adopt standard machine teaching terminology. The teacher
T is viewed as a function from concepts to labelled example sets, with T'(f) = S denoting
the teaching set used to teach concept #. Similarly, the learner L maps labelled example
sets to concepts, with L(S) = 6 denoting the concept inferred from the teaching set S.
Successful teaching occurs when the learner infers the concept intended by the teacher,
that is, when L(T'(6)) = 6.

Following Telle et al. [2019], we introduce a simplicity measure 5 over concepts, encoding
a learner’s preference over concepts, and a simplicity measure § over teaching sets. The
learner prefers simpler concepts when multiple concepts are consistent with the observed
examples, while the teacher prefers simpler teaching sets. Since the true human learner
Ly cannot be directly incorporated into the optimisation procedure, we instead employ
a learner model L,; that approximates how a human reasons about examples. Finally, a
loss function A\ measures the discrepancy between the inferred concept 65, and the target

concept 647. Lower values of A correspond to higher explanatory fidelity.

Using these components, the framework searches for teaching sets that balance fidelity
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and teaching complexity:

T(0ar) = argmin6(S) + - AM(Oar, Orr) : Lar(S) = 0w (2.1)
S:041E=S

Lus(S) = argmin 3(6x)
QMZGA{':S

Given a target Al model 64, the teacher searches for a teaching set S such that the
target model is consistent with it, i.e. 04; = S. The model of the learner L), then
receives S and selects the simplest concept €, that is consistent with the teaching set
according to the simplicity measure 5. The discrepancy between the target model and
the learner’s inferred concept is measured by A(far,0)r), while the complexity of the
teaching set is measured by §(S). The teacher seeks a teaching set that minimises a
weighted combination of these two quantities, where p controls the trade-off between

teaching complexity and fidelity.

This is the general bilevel form in which machine teaching problems are posed [Zhu et al.,
2018, Eq. 2]: the teacher trades the cost of the teaching set against the discrepancy
between the target and the concept the learner arrives at, subject to the learner running
its own concept selection algorithm. What is specific to our setting is that the target
is an Al model rather than a ground-truth concept, and that the learner minimises a

preference 3 over concepts rather than an empirical risk.

The framework was implemented on machine learning models trained on images labelled
by Boolean functions. The teaching sets produced by the framework were subsequently
evaluated on human participants. Two main findings emerged from the experimental

evaluation.

First, the effectiveness of the framework depends critically on the alignment between
the learner model Lj; and the human learner Ly. In particular, humans may focus on
irrelevant features that are not represented in the learner model, leading them to form

hypotheses that differ from those anticipated by the teaching algorithm.

Second, machine-teaching-generated explanations enabled participants to better under-
stand the target concept than randomly selected examples of comparable complexity.
This suggests that machine teaching can be used to identify informative examples for

explanatory purposes.

The paper demonstrates that machine teaching provides a promising framework for gen-
erating example-based explanations. By explicitly balancing fidelity and teaching com-

plexity, the framework can identify compact sets of examples that improve human un-



2.3 When concepts are not unique 11

derstanding of an Al system. At the same time, the results highlight that the quality of
the explanation depends heavily on how accurately the learner model captures human

reasoning.

An important observation from this work is that a learner may reason about a con-
cept using a different representation from the one assumed by the teacher. In Paper (i),
such discrepancies often arose because humans attended to irrelevant features. How-
ever, differences in representation can also arise even when the teacher and learner agree
on the underlying concept. For example, the Boolean expressions A A (B V C) and
(AN B)V (AAC) represent the same concept despite having different representations.
Importantly, the learner can have different preferences over such equivalent representa-
tions. These preferences must be taken into account to determine which representation
the learner will select when several are consistent with the teaching set. This raises the
question of how machine teaching should operate when concepts admit multiple equiva-

lent representations.

2.3 When concepts are not unique

In formal models of machine learning (ML), a concept class C' defines the set of possible
hypotheses, and the goal is to identify an unknown target concept ¢* € C' from randomly
sampled instances x € X that are correctly labelled by the target concept. In contrast,
in formal models of machine teaching, a collection of labelled examples, the so-called

teaching set S, is carefully chosen by a teacher T so the learner L can identify ¢* in C.

Most formal models of machine learning and machine teaching assume that C' consists of
distinct concepts, such that each target corresponds to a unique element in the concept
class. However, this assumption is broken in situations where concepts can have multiple
equivalent representations. For example, over the instance space Z, the expressions
“r? > 0” and “x # 07 are satisfied by exactly the same instances, and are thus two
representations of the same concept. In such situations, the teacher may attempt to
teach one representation of a concept without realising that the learner may instead

infer a different, but equivalent, representation.

In Paper (ii) we explore the idea of teaching representations, where the teacher knows
a representation and wants the learner to identify it. Different representations may
belong to the same equivalence class, i.e. define the same concept, although checking
this equivalence is not always possible. The paper extends the traditional machine

teaching setting by considering a representation class R rather than a concept class, and
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investigates how representational redundancy affects the teaching process.

The paper analyses the previously proposed Eager teaching algorithm [Telle et al., 2019]
and introduces a new algorithm, Greedy, designed to address the challenges posed by
representational redundancy. With Eager the learner employs Occam’s razor and selects
the simplest representation consistent with the teaching set, while the teacher provides
the smallest teaching set sufficient to identify the target. This approach implicitly as-
sumes that only one representation per concept needs to be learned. However, if the
teacher does not know that two representations are equivalent and one representation
is simpler than the other, the teacher may search indefinitely for a teaching set that

distinguishes them, even though no such teaching set exists.

Surprisingly, only a tiny change to Eager is sufficient to enable learning multiple rep-
resentations. When teaching a target, it is common to provide the smallest teaching
set that suffices to identify it, and a learner may therefore expect the teacher to follow
this strategy. Consequently, after learning a representation—teaching set pair (r, S,.), the
learner can assume that neither r nor S, will be used again for teaching. It is a function
from teaching sets to representations, and already maps S, to r. The learner can there-
fore remove both from consideration, and aside from this, follow the method of Eager.
This simple idea forms the basis of the Greedy algorithm. Another teaching set S that
is consistent with » may then be used to identify a different representation 7/, namely

the simplest remaining representation consistent with S.

The two algorithms are evaluated empirically in six different settings, split into two
groups. The first four settings form a graded family of Boolean expressions, ranging
from 3-DNF with no redundancy to 3-Term DNF variants in which every concept has
many equivalent representations, allowing the amount of redundancy to be varied in a
controlled way. The last two, following Telle et al. [2019], both use programs written
in the Turing-complete language P3, where many distinct programs compute the same
function: one over the unrestricted program space, and one, small-P3, restricted to a

subset small enough to analyse exhaustively.

The theoretical analysis showed that Greedy never uses larger teaching sets than Ea-
ger on concepts taught by both algorithms, while allowing multiple representations of
the same concept to be taught. The empirical experiments demonstrated that Greedy
teaches substantially more representations and concepts than Eager, often using smaller
teaching sets. A key finding was that the benefit of Greedy depends less on the amount
of redundancy and more on the newly introduced notion of redundancy spread, which
measures how dispersed equivalent representations are in the representation ordering.

Finally, for P3 programs, teaching sets were frequently smaller than the programs they
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identified, illustrating the efficiency of machine teaching.

From this, we observe that the efficiency of teaching, as measured by the teaching di-
mension, depends not only on the learner — as seen in the difference between Eager and
Greedy — but also on structural properties of the concept class, such as the amount of
redundancy and the redundancy spread. This raises a natural question: can we iden-
tify concept classes that are inherently difficult to teach, regardless of the learner being
used? The work in Paper (ii) led to a conjecture of exactly this form, singling out one
family of concept classes as extremal in this sense. Paper (iii), presented in the next

section, proves it.

2.4 A lower bound on teaching dimension

Different concept classes may require vastly different numbers of examples to teach and
hence have vastly different teaching dimensions. For instance, the concept class in Table
2.1 has teaching dimension 2, but if we were to remove ¢, the number of examples
needed to uniquely identify the remaining concepts would drop to one for each: (4,7 for
Cevens (D, T") for Cprime, (9, 1) for cpus. However, in addition to a given concept class, the
precise number of examples needed for teaching depends on the learner-teacher protocol.
Given this, it might seem difficult to say anything about which concept classes are harder

than others.

We therefore search for a lower bound on the teaching dimension for any learner. To
obtain a learner-independent lower bound, we focus on a property that every teacher
must satisfy. Regardless of the learner, each concept must ultimately be assigned a
distinct teaching set. Consequently, a concept class containing |C| concepts requires at
least |C| distinct teaching sets. Let |I¥=?| denote the number of teaching sets with ¢
or fewer examples (the notation W, for witness set, follows Papers (ii) and (iii), and
Simon and Telle [2026]). Then every teaching protocol must use a value of ¢ for which
W= > |C].

TD(C) > min{gq : |W5q| > |Cl}

This counting argument is, however, optimistic, as it implicitly assumes that every teach-
ing set of size at most ¢ can be used in teaching. In practice, this is not the case. Some
labelled subsets are inconsistent with every concept in the concept class and can there-

fore never be used for teaching. Excluding such teaching sets leads to a stronger bound.
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For an example of when a set of labelled examples is not usable for teaching, consider
the concept class C' from Table 2.1. The set S = {(2,7),(9,7)} is not consistent with
any concept, since no concept contains both 2 and 9. Furthermore, any teaching set con-
taining S as a subset is also not consistent with any concept, and hence cannot be used

for teaching.

Following Simon and Telle [2026], a teaching set S is realisable in C' if there exists a
concept ¢ € C consistent with S, i.e. ¢ E 5. We denote by W=9(C) the set of all
realisable teaching sets containing at most ¢ examples in the concept class C'. Simon
and Telle [2026] observed that restricting the counting argument to realisable teaching

sets yields the stronger lower bound:

TD(C) > minfq : [WE7] > |C]}

whose right-hand side is denoted SMN'(C) in Simon and Telle [2026]. Using the lower
bound above, we can study which concept class maximises the lower bound on the
teaching dimension. This can be formulated as asking which concept class minimises the

number of realisable teaching sets of size at most ¢, that is |[W=4|, for every q.

Consider a concept class C' with n concepts and m examples. We can view the problem
as a game: construct C' so as to minimise the number of realisable teaching sets. If we
want to minimise the number of realisable teaching sets, a natural approach is to ensure
all concepts assign the same label b to a given example . Then every teaching set
containing the labelled example (z, —b) is not realisable. Continuing like this, it could be
natural to try to make the rows have the same value for every example. If we were in the
redundant representations setting considered in Paper (ii), the optimal solution would
simply be to make every row identical, for example, all zeros. This would maximise

agreement between concepts and minimise the number of realisable teaching sets.

In line with traditional machine teaching, we instead seek to maximise agreement while
preserving uniqueness among concepts. We can still start with the same idea of having
concepts agree on many examples, leaving their differences encoded only in the last few
examples. Encoding the n distinct concepts in binary requires at least k = [log, n]|

examples; a visualisation is shown in Table 2.2.

In fact, the matrix shown in Table 2.2 arose from the work in Paper (ii), as part of an
argument for a lower bound on the performance of Greedy. An earlier version of that

paper conjectured this matrix to be extremal, and Paper (iii) named it H,, ,,,.> Simon and

ZPaper (iii) writes H, x, with k concepts over n examples; we write H, ,,, with n concepts over m
examples, to match the notation used elsewhere in this chapter.
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Table 2.2: The proposed matrix H,, ,,. Here illustrated for n = 8, where the first m — 3
columns are identical and the final three columns encode distinct binary identifiers.

ry T2 - Tp-3 Tm—2 ITm-1 Im
0 O 0 0 0 0
0 O 0 0 0 1
0 O 0 0 1 0
0 O 0 0 1 1
0 O 0 1 0 0
0 O 0 1 0 1
0 O 0 1 1 0
0 O 0 1 1 1

Telle [2026] later showed the conjecture to be equivalent to stating that H, ,, minimises
the number of realisable teaching sets of each size over the family C,, ,,. Here C,, ,, denotes
all concept classes with n distinct concepts over m instances, represented as binary n xm

matrices with distinct rows. The equivalent conjecture can be stated as:

Vq,VC € Cpmy  |[WSUH, )| < WSO (2.2)

So the number of realisable teaching sets of any concept class of size n by m is minimised,

for any ¢, by the H, ,, matrix.

In Paper (iii) we prove this conjecture (Equation 2.2) true. This result can be seen as
a generalisation of a theorem resolving the edge isoperimetry problem for hypercubes
[Hart, 1976]. For readers interested in the original formulation of the conjecture, we

briefly describe it as follows.

Rather than counting realisable teaching sets directly, the paper considers unique row
projections. For a fixed subset of ¢ columns, the rows are projected onto those columns,
and the number of distinct projected rows is counted. Summing this quantity over all

subsets of ¢ columns gives the total number of unique projections over all subsets of size

q.

me(M) =Y dif(M(Q)) (23)

Qe(™)

Here, dif counts the number of unique rows in the matrix M (@) obtained by restricting
the original matrix M to the columns in (). However, notice that for a fixed subset @,
each distinct row in M(Q) corresponds to one realisable labelling of the teaching set

formed by the examples in (). Hence, the two viewpoints, of projection and realisable
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teaching sets, count the same thing. As such, the conjecture solved in Paper (iii) can be

written as Equation 2.4.

Vg, VC € Cpm, my(Hpm) < my(C) (2.4)



Chapter 3

Example-based XAI in the domain

of time series

In the previous chapter we focused on different aspects of machine teaching. In this chap-
ter we shift focus to eXplainable AI (XAI), specifically example-based XAI. Rather than
developing methods for an idealised learner, we now investigate how to explain Al sys-
tems to humans, primarily end-users interacting with the system without domain or Al
expertise. Following the taxonomy of interpretability evaluation [Doshi-Velez and Kim,
2017], we conduct human-grounded evaluations, where real humans perform simplified
tasks that approximate the intended use case. In particular, we use forward simulation,
which tests the simulatability introduced in Chapter 1: participants are first presented
with labelled training examples, possibly accompanied by an additional explanation, and
then shown a new set of examples and asked to assign each example the label they be-
lieve the target AI would predict. All classification tasks used in our user studies are
binary, except UMD in Paper (vi), which has three classes. Chance accuracy is therefore
50%, and 33% for UMD.

We will also limit the scope to temporal data. Temporal data is data collected over time,
such as sensor readings or streaming data, represented as an ordered sequence of measure-
ments [Esling and Agon, 2012]. In general, each measurement may be multi-dimensional,
but in this thesis we focus on univariate time series, where each measurement is a single

real value.

Temporal data is encountered in many real-world applications, ranging from healthcare
[Rajkomar et al., 2018] to cyber security [Susto et al., 2018]. A central task for such data
is time series classification [Bagnall et al., 2017]. Despite its prevalence, humans often

struggle to interpret temporal data [Siddiqui et al., 2019]. This motivates our focus on
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developing XAI methods for time series classification and evaluating their effectiveness

with end-users.

As a concrete example, we briefly describe a real-world setting from the industry partner
Eviny, whose dataset is used in Paper (iv). Imagine someone charging their new electric
car at a charging station. During the session they are shown a curve of the power
injected into the car each minute, and due to battery status and weather conditions this
curve can look strange and differ from session to session. To reduce the number of calls
from customers worried that something is wrong with their car, the charging company
deploys an Al system that reads the charging curve and flags anomalies. This might
help slightly; however, people are seldom happy without an explanation. If the company
instead deployed an XAl system showcasing similar charging sessions from known healthy

car batteries, the customer could be reassured directly.

3.1 Active learners in XAl

In contrast to the passive learners typically assumed in machine teaching, humans can be
active learners. There has therefore been a push to rethink how users can interact with an
XAI system, for instance allowing dialogue between users and the system, and to enable
model inspection, where users can modify input examples and immediately observe how
the model’s prediction changes [Delaney et al., 2021; Theissler et al., 2022; Wang et al.,
2023]. Motivated by this shift towards interactive explanations, Paper (iv) explores how

such interactive model inspection can be realised for time series classification.

The goal is to allow users to actively construct and refine their mental model of the classi-
fier by testing different hypotheses. However, time series are inherently high-dimensional
and difficult for humans to understand, making unrestricted exploration difficult. Small
edits may produce unrealistic examples or lead users to explore regions that provide little

insight into the classifier’s behaviour.

To support meaningful exploration, users require guidance that both keeps their modifi-
cations within realistic regions of the data space and helps them understand how those
modifications affect the classifier’s behaviour. Firstly, users should receive feedback on
where realistic examples lie, so as to keep the exploration grounded, rather than drifting
towards implausible time series. Secondly, users should receive feedback indicating how
their modifications influence the classifier’s prediction and whether they are approaching

the decision boundary.

Paper (iv) implements these design principles in an interactive visual tool, shown in
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Figure 3.1: The interactive model inspection tool developed in Paper (iv), shown as
it was presented during the user study with instructional text. The top displays the
classifier’s confidence in its current prediction. The main plot shows three time series:
the Interactive series currently being edited by the participant, the Counterfactual series
(displayed as a dotted line) representing an example from the opposite class, and the
Prototype series (shown in grey), which served as the participants’ starting point. As
the participant modifies the interactive time series, the classifier’s confidence, the colour
of the interactive series (indicating its predicted class), and the counterfactual example
are all updated in real time.

Figure 3.1. Users begin with representative prototype time series, providing a realistic
starting point for exploration. The tool generates counterfactual examples using Native
Guide [Delaney et al., 2021], thereby grounding the guidance in existing examples. At
the same time, the classifier’s prediction confidence is displayed to the user, allowing the
user to infer when they are approaching the decision boundary. As the user modifies the
time series, both the counterfactual and the prediction confidence are updated in real
time, continually informing the user about realistic examples while revealing the location

of the decision boundary.

Having developed this tool, the paper then asks whether providing these interactive
capabilities improves users’ understanding of the classifier. To answer this question, the

tool was evaluated through a controlled user study.

The user study was conducted over three datasets: two from the UCR archive (Italy-
PowerDemand and Chinatown) [Dau et al., 2019] and one from industry partner Eviny
(electric vehicle charging curves). These datasets were selected based on several con-
siderations, including their relatively short length (24 time steps, corresponding to 24

hours). The participants were split into three groups, two passive learning groups and
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one active learning group.

e Gp: Only prototypes

e Gp,cr: Prototypes and counterfactuals

e Gpicring: Prototypes and counterfactuals with model inspection.
For each dataset, the participants first received training examples, alongside the explana-
tion technique of their group. After training, the participants were shown new examples
and asked what they believed the AI would label each instance as. The results in Table

3.1, somewhat surprisingly, show that model inspection (in this setup) did not improve

the accuracy of the participants.

Table 3.1: Average accuracy over all datasets, by group.

Groups Gp GP+CF GP+CF+MI

Accuracy over all datasets 70.2% +14% 65.9% £+ 20% 64.0% =+ 20%

Based on the participants’ response time and qualitative feedback, we will now high-
light two possible explanations for the observed results. First, the average completion
time was approximately five minutes per dataset across all groups, including both the
training and testing phases. While this is sufficient for the passive learning groups, it
raises the question of whether participants assigned to the model inspection group used
sufficient time to meaningfully explore the interactive interface. Second, several par-
ticipants reported that interacting with the tool was challenging. Despite deliberately
selecting relatively short time series, 24 time steps may still have been too many to

support effective interactive exploration by end-users.

Together, these observations suggest that interactive model inspection alone was not
sufficient to improve users’ understanding in our setting. While interaction may help
users formulate and test hypotheses, the complexity of the time series itself remains a

limiting factor.

3.2 A simplification algorithm in the context of XAI

Consider the binary time series classification problem illustrated in Figure 3.2, where
the goal is to distinguish normal heartbeats from faulty heartbeats (Myocardial Infarc-
tion), using the ECG200 dataset [Olszewski, 2001]. At first glance, the time series is

difficult to interpret due to numerous small fluctuations. A natural idea is therefore to
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Figure 3.3: Simplified time series, class
Red, overlaid on the original time series.

Figure 3.2: Original time series, class Blue.
simplify the time series, removing unnecessary detail while preserving its overall shape.
Indeed, many algorithms have been designed to compress, simplify, or segment time se-
ries [Douglas and Peucker, 1973; Esling and Agon, 2012; Keogh et al., 2004]. Figure
3.3 shows such a simplification: with far fewer data points, the resulting time series is
easier to comprehend. However, when it is presented to the classifier, the predicted la-
bel changes. This indicates that the simplification has removed information that was
important to the model. Although visually simpler, the resulting time series no longer

provides a faithful explanation of the classifier’s decision.

This issue is particularly problematic in example-based XAI, where explanations are
constructed from labelled examples illustrating the behaviour of a classifier. Suppose we
wish to use the labelled instance (z, b) as one such example, but first simplify it to obtain
a new instance z’. If the classifier predicts a different label & for 2/, then the explanation
must either be presented as (2/,b), contradicting the behaviour of the classifier, or as
(«',b), no longer conveying the same behaviour of the classifier that the original labelled

example was selected to illustrate.

Based on these observations, it is clear that traditional simplification algorithms may be

unsuitable when used for example-based XAI.

Inspired by the findings of Paper (iv), where the complexity of the prototype time series
appeared to limit participants’ understanding, Paper (v) investigated whether time series

simplification could produce prototypes that are easier for humans to interpret.

For such simplifications to remain useful as explanations, they must first preserve the
classifier’s prediction, ensuring that they remain faithful representations of the original
labelled example. However, preserving the prediction alone is not sufficient. Since pro-

totypes are intended to represent the classifier’s behaviour beyond a single observation,
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they should correspond to a stable region of the decision space rather than isolated points
whose label changes after only minor perturbations. Consequently, the simplifications
should be robust to small perturbations, ensuring that they represent stable regions of

the classifier’s decision space.

While robustness is essential for explanations, it is not the only consideration. A useful
simplification should still resemble the original time series, ensuring that the explanation
reflects the observed data, while also reducing its complexity to improve human inter-
pretability. Consequently, Paper (v) formulates time series simplification for example-
based XAl as a multi-objective optimisation problem balancing robustness, similarity,

and complexity.

In Paper (v), a simplification is defined by selecting a subset of the original time steps.
The values at the selected time steps are retained, while the remaining values are recon-
structed by linear interpolation and extrapolation. The optimisation therefore searches

over all simplifications that can be generated in this way.

The paper formulates this as the optimisation problem opt,;,.. (ts, h,«, 3,7), where ts is

simp

the time series to be simplified and h the classifier:

0Pt iy (ts, hya, B,y) o min - err(ts, sts) + B - kgys + v - frag(ts, sts, h) (3.1)

where the minimisation ranges over all simplifications sts satisfying h(ts) = h(sts).

The first term, err(ts, sts), measures the dissimilarity between the original and simpli-
fied time series. The second term, kg, measures the complexity of the simplification
through its number of segments. Finally, frag(ts,sts, h) measures the fraction of per-
turbations that change the classifier’s prediction. Since fragility is the complement of
robustness, minimising this term encourages simplifications that remain stable under
small perturbations. The balancing parameters «, 5, and v allow the user to trade off

similarity, complexity, and robustness depending on the intended application.

Although the search space is exponential in the number of time steps, Paper (v) ex-
ploits the structure of the optimisation problem to avoid an exhaustive search. The
similarity and complexity terms decompose over the segments of a simplification and
can be optimised directly by dynamic programming, whereas robustness requires query-
ing the black-box classifier under perturbations and cannot be folded into the dynamic
programming. The algorithm therefore proceeds in two steps: for a user-set parameter ¢,
dynamic programming is first used to find the ¢ least costly simplifications with respect

to similarity and complexity; robustness is then evaluated only for these ¢ candidates,
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and the best overall is returned. This runs in time O(n - max{n? qlogn}).

Because robustness is examined only for the top ¢ candidates, a simplification ranked
beyond position ¢ could in principle be better overall, its worse similarity and complexity
offset by unusually good robustness. Paper (v) bounds exactly this risk: since robustness
contributes at most v to the total cost, if the gap in similarity and complexity cost
between the best candidate and the gth best candidate is at least v, no unexamined
simplification can overtake the best, and the returned simplification is guaranteed to be
globally optimal'. The user can therefore set ¢ higher or lower, tightening the bound at

the cost of higher run time.

Finally, the algorithm was evaluated on the UCR datasets Chinatown, ECG200, and
ItalyPowerDemand. Rather than conducting a user study, the experiments served as a
proof of concept demonstrating that robust simplifications can reveal concise, human-
interpretable rules-of-thumb describing the classifier’s behaviour. These results suggest
that robust simplifications are a promising explanation technique, while leaving the

question of whether they improve human understanding to future work.

3.3 Evaluating simplification algorithms in the con-
text of XAl

The previous paper demonstrated that simplifying time series can produce concise, faith-
ful prototype-based explanations. However, increasing the degree of simplification in-
evitably removes information from the original time series. While simpler explanations
may be easier for humans to understand, overly aggressive simplifications risk changing
the classifier’s prediction, causing the explanation to no longer reflect the behaviour of
the model.

This naturally raises the question of where the balance between simplicity and prediction
preservation lies. Unlike data compression, where the objective is simply to preserve the
original signal, simplifications for explainability must preserve the classifier’s decision.
Consequently, the usefulness of a simplification depends not only on the simplification al-

gorithm itself, but also on the particular classifier being explained and the characteristics

In Paper (v) this guarantee is settled before the classifier is queried for robustness. The same
argument yields a sharper certificate, not stated in the paper: the returned simplification is globally
optimal whenever its total cost is at most the similarity-and-complexity cost of the ¢th candidate —
any simplification outside the top ¢ already costs at least that much in similarity and complexity alone,
hence at least that much in total. Since the algorithm computes robustness regardless, this is a free O(1)
check, potentially certifying optimality even when the guarantee stated in the paper does not apply.
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of the underlying dataset.

Inspired by the observation in Paper (v) that a useful simplification should preserve the
classifier’s prediction, Paper (vi) introduces the notion of loyalty. Loyalty measures the
fraction of time series in a dataset that receive the same prediction after simplification,
and thus takes values in [0, 1], where a loyalty of 1 means every prediction in the dataset

survives simplification.

Since simplifications should also reduce the cognitive burden on the user, the paper fur-
ther introduces a complexity metric, measuring the fraction of the original time series
retained after simplification. Together, these metrics capture the trade-off between loy-
alty to the classifier and simplicity of the explanation, enabling systematic evaluation of

simplification algorithms across different classifiers and datasets.

Using these two metrics, Paper (vi) evaluates four simplification algorithms across a
diverse collection of time series datasets and classifiers. By varying the amount of sim-
plification, each algorithm produces a loyalty—complexity curve, illustrating how much
loyalty is sacrificed in exchange for simpler explanations. These curves make it possible
to compare simplification algorithms independently of a particular parameter setting,

while also revealing how the trade-off varies across different classifiers and datasets.

To investigate whether these theoretical metrics correspond to improvements in human
understanding, the paper performs a human-grounded evaluation using forward simu-
lation. Four representative operating points are selected from the loyalty—complexity
curves: the original time series without simplification, the most aggressive simplification
that maintains perfect loyalty (L1.0), and two intermediate operating points referred
to as Knee High and Knee Low. Participants were divided into four groups using a
Latin-square design, ensuring that each participant evaluated every dataset once and
each simplification level once. Since what a participant learns from a simplification with
loyalty A carries over to the original time series only a A fraction of the time, the mea-
sured accuracies are multiplied by the corresponding loyalty. The results are shown in
Table 3.2.

The evaluation showed that simplifications do not universally improve interpretability.
For some datasets, the original time series enabled the highest participant accuracy,
while for others the simplified representations performed equally well or better. Rather
than identifying a single best level of simplification, the results demonstrated that the
usefulness of simplifications depends on the interaction between the classifier, the dataset,
and the degree of simplification. Although the user study exhibited considerable variation
between participants, the observed trends were consistent with the proposed loyalty and

complexity metrics.
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Table 3.2: Loyalty-adjusted participant accuracy in the forward simulation study, by
dataset and simplification level: measured accuracy multiplied by the loyalty of the
corresponding simplification, so the figures express understanding of the classifier on
the original time series. Reproduced from Paper (vi); per-participant variance was
substantial, and the unadjusted accuracies are given there.

Dataset Knee Low Knee High  L1.0  Original
Chinatown 56.6% 75.9% 76.0%  66.0%
ECG200 55.8% 69.8% 72.0% 72.5%
Sony AIBORobotSurfacel 60.8% 69.1% 76.0%  78.0%
UMD 93.1% 99.0% 100.0%  96.0%

The theoretical analysis and user study were finally combined into a practical decision
framework for determining when simplifications are likely to improve interpretability.
Rather than recommending a particular simplification algorithm, the framework guides
the practitioner through a sequence of considerations, including whether the original data
is already easy to interpret, whether sufficiently loyal simplifications can be obtained,
and whether the simplified representations remain understandable to humans. This
framework constitutes the main contribution of the paper, providing practical guidance

for deciding when simplifications should be used as explanations of time series classifiers.
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Chapter 4

Bridging X AI and machine teaching

In the previous chapters, we have examined problems related to machine teaching itself
and example-based XAl for time series. In this chapter, we bring these two research di-
rections closer together. We first investigate how machine teaching can provide insight
into behaviours of black-box models. Since their internal representations are inaccessi-
ble, we use relative teaching size as an external probe of whether concept difficulty is
stable across representations. We then reverse the perspective and ask how standard

assumptions in machine teaching can be challenged to better reflect the XAl setting.

4.1 Comparing concept complexity across modali-

ties with machine teaching

Many modern large language models are, under the hood, vision-language models
(VLMs), capable of processing both images and text [Achiam et al., 2023; Team et al.,
2024]. Consequently, the same concept — for example, a house — can be presented either

as a bitmap image or as a textual description of a drawing, as illustrated in Figure 4.1.

This raises the question of whether the relative identification complexity of concepts for
these VLMs is tied to their representation, or whether some concepts are intrinsically
easier to identify than others. If concept complexity is intrinsic, then concepts that are
easy to identify in one modality should remain comparatively easy in another. Since the
internal representations learned by modern vision-language models are inaccessible, this

hypothesis is difficult to investigate directly.

Paper (vii) approaches this question using machine teaching. Rather than analysing the
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Figure 4.1: Example of how the concept ‘House’ can be presented to a VLM in two
distinct modalities. Adapted from Paper (vii).

model’s internal representations directly, the paper measures how much information is
required for reliable concept identification using the notion of teaching size [Telle et al.,

2019]. In Paper (vii), the teaching size is defined as the number of segments.

The experiments are based on drawings of twenty concepts from the Quick, Draw!
dataset [Jongejan et al., 2016]. Each drawing is repeatedly simplified using the Ramer—
Douglas—Peucker (RDP) algorithm [Douglas and Peucker, 1973; Ramer, 1972], producing
progressively simpler versions of the same concept. These simplified drawings are then
presented to six different VLMs in two modalities: either as bitmap images or as TikZ
descriptions encoding the same sequence of line segments. For each concept, model, and
modality, the smallest representation that remains reliably recognised (defined as at least
50% accuracy at temperature 1) is identified, allowing the teaching size of the concept

to be estimated.

The results show that, under the experimental setting considered, concepts generally re-
quire less information to be identified from bitmap images than from textual coordinate
descriptions. Indeed, eight of the twenty concepts were never identified from the coordi-
nate representation by any model. However, despite this difference in absolute teaching
size, the relative ordering of concept complexity is largely preserved across modalities,
though with variation across models. Concepts that require comparatively little infor-
mation in one representation also tend to require comparatively little information in the
other. These findings support the hypothesis that some concepts exhibit an intrinsic no-
tion of complexity that is, at least to some extent, independent of the representation

used.
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4.2 On imperfect learners in machine teaching

In the formal machine teaching models considered earlier in this thesis, the learners have
been assumed to be perfect. However, in this latest work with VLMs (Paper (vii)),
we have what can be referred to as imperfect learners. Given an image and tasked with
identifying it, the VLMs are not perfect, and will fail stochastically. Humans, for instance
the participants from the user studies in Chapter 3, are also imperfect in a similar way:

they fail on some consistency checks, and can do so stochastically.

Can we model how these imperfect learners fail, and by taking this into account find
better ways of teaching them? To do so, we have to make assumptions about where
the learners can fail. We distinguish two stages at which errors may arise: checking
whether labelled examples are consistent with candidate concepts, and using the resulting
consistency information to infer the target concept. We call errors in the first stage
deductive errors, and errors in the second inductive errors. Thus far, most work in
machine teaching has assumed there to be no deductive error, i.e. the learner has a
perfect consistency-checking oracle. However, for imperfect learners, the consistency
check, i.e. checking, for a given concept ¢ and labelled example (x, b), whether ¢(x) = b,

can fail.

Paper (viii) explores this problem, and defines the deductive error rate of a consistency
check as 7y (c, x), for a learner L, concept ¢ and example z. To illustrate why this error
depends on both the concept and the example, we take inspiration from the work on time
series in Papers (iv)—(vi). Consider two candidate concepts: ¢y, true if the first time step
is above zero, and ¢y, true if the global maximum lies in the first half. Checking c; is easy
for any time series, since only the first time step matters. Checking ¢y, however, depends
on the example: for a slowly and monotonically rising time series one can conclude at a
glance that the answer is false, while for a time series with two bumps of similar height,

one in each half, the check becomes error-prone.

As these learners fail, and do so stochastically, we cannot generally guarantee that we
can teach the target concept. However, we might increase the likelihood of the learner
identifying the target concept, given a good teaching set. Moreover, if there are many
similar concepts, uniquely identifying the target concept might be difficult, but we might
be able to ensure a high likelihood of teaching an approximately similar concept. We
take inspiration from the Probably Approximately Correct (PAC) learning framework
[Valiant, 1984], where the goal is to learn an approximately correct concept with high

probability. In PAC learning, the stochasticity comes from random sampling of examples;
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in our case, it comes from deductive errors. We thus define PAC teaching:

P[sim(L(S),c") 2 q] = p (4.1)

For a given probability p and approximation ratio ¢, the goal is for the teacher to find
a teaching set S such that there is a probability of at least p that the learner selects a
concept L(S) that is at least ¢g-similar to the target concept. Here, sim(c, ¢*) measures the
fraction of examples on which the two concepts agree. We also distinguish between the
learner identifying the target concept and the learner simulating it: sim(c,c*) is used in
the identification scenario (the raw similarity between c and ¢*), while simp(c, ¢*) is used
in the simulatability scenario (the expected similarity when the learner employs ¢ with
error). In the latter case, we assume the same deductive error rate during employment

as during teaching.

In Paper (viii) we model the situation of learners with deductive errors. We present two
learners: a naive learner and a prudent learner. In short, the naive learner acts as if
there is no error, excluding any concept not deemed consistent with the teaching set.
They then return an arbitrary remaining concept, or report failure if none remain. The
prudent learner, on the other hand, is aware that errors happen, but is not calibrated
on which example-concept pairs they typically make mistakes on (the teacher is). The
prudent learner keeps a count of how many times they believe each concept agreed with
the labelled examples in a teaching set, and selects the concept with the highest count

after teaching.

We investigate three natural teaching scenarios. Firstly, for a given p and ¢, the teacher
is tasked with minimising the size k of the teaching set that satisfies PAC teaching.
Secondly, for a given p and k£ (maximum size of the teaching set), find the teaching set
S that maximises ¢q. Thirdly, for a given ¢ and k£, find the teaching set S that maximises
p. For each scenario, the paper gives an algorithm and a matching hardness result: the
last two problems are W|2]-hard [Downey and Fellows, 2013] when parametrised by the

1X1)

teaching set size k, while size minimisation admits no 2°0XD-time algorithm under the

Exponential Time Hypothesis (ETH) [Impagliazzo and Paturi, 2001].

Finally, we test these ideas empirically on an LLM. We wanted to check if using teaching
sets containing examples with low deductive error would correlate with low teaching
error. For this, we defined a concept class over multiples of d, where each concept cq4
contains all multiples of d, for d € {5,7,11,13,17} — distinct primes, so that no concept
contains another. These values were deliberately selected to have one simple concept,
¢s (check last digit), and several harder concepts (c7, ¢11, ¢13,¢17). The deductive errors

were estimated by asking the LLM ‘Is d a diwisor of x%’, and measuring the error, thus
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simulating the consistency checks needed later. We then used these examples to create
teaching sets and asked ‘ Which of 5, 7, 11, 13 and 17 is a divisor of x?’. The experiments
used GPT-5-nano, chosen because stronger models perform these consistency checks
near-perfectly, leaving little error signal to study. The results show that examples with

low deductive error consistently give better performance on the teaching problem.
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Chapter 5

Discussion, future directions and

conclusion

In this thesis, we have investigated how machine teaching — a formal theory of teaching
by examples — can serve as a theoretical grounding for example-based XAl. Framing the
XATI system as the teacher, the human as the learner, and the Al model as the target

concept, the selection of explanatory examples becomes a teaching problem.

On the machine teaching side, we adapted the framework to the XAl setting and found
that machine-teaching-generated explanations helped participants understand a target
concept better than randomly selected examples of comparable complexity — while also
finding that success depends critically on the alignment between the learner model L,
and the human learner Ly (Paper (i)). We extended the formal setting to concept
classes with redundant representations (Paper (ii)), and proved the conjecture posed
there, establishing which concept classes minimise the number of realisable teaching sets

and thereby giving a lower bound on the teaching dimension for any learner (Paper (iii)).

In the domain of time series, we developed an interactive model inspection tool and
evaluated it in a user study, finding, somewhat surprisingly, that the interaction did not
improve participants’ understanding (Paper (iv)). Motivated by the complexity of the
time series themselves, we formulated simplification for example-based XAl as an opti-
misation problem balancing similarity, complexity, and robustness, and gave an efficient
algorithm for it (Paper (v)). We then introduced the loyalty and complexity metrics for
evaluating simplification algorithms, and combined them with a user study into a prac-

tical decision framework for when simplifications should be used as explanations (Paper

(vi)).

Finally, bridging the two fields, we used teaching size to compare concept complexity
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across modalities in vision-language models, finding support for the hypothesis that some
concepts are intrinsically easier to identify than others (Paper (vii)), and we replaced the
standard assumption of perfect learners with stochastically failing ones, defining PAC

teaching and providing algorithms, hardness results, and an empirical validation on an
LLM (Paper (viii)).

5.1 Discussion

Across the eight papers, one theme recurs more than any other: every method for select-
ing explanatory examples rests on an assumption about how the human learns, whether
or not that assumption is ever written down. The distinctive move of machine teaching
is to make it explicit. The teacher optimises against a learner model L,;, and the qual-
ity of the resulting explanation is bounded by how well L;; describes the human learner
Ly.

Seen this way, the work in this thesis tests several different models of the learner. Paper
(i) uses an explicit one: a concept class of Boolean expressions together with a preference
over them. Paper (iv) assumes a learner who refines a mental model through active
hypothesis testing, and provides the means to do so. Papers (v) and (vi) assume a
learner whose error grows with the complexity of what they are shown, and act on the
representation rather than on the selection. Paper (viii) relaxes the assumption that

learners deduce perfectly.

It is worth being precise about the simplification case. Simplification is not used to
generate a concept class; it never feeds back into which examples are selected. It is an
assumption at the level of representation: that humans reason more easily over a simpler
description of a time series than over its raw values. Loyalty is then the constraint that
keeps this change of representation honest with respect to the classifier, preventing a

simpler picture from becoming a different picture.

Therefore, when we tested model inspection and simplification and found that they did
not improve participants’ accuracy, and in some cases reduced it, what failed was an
assumption about the learner, not a method for selecting examples. In these studies
prototypes stood in for the teaching set, and what varied between conditions was the
representation, or the means of interacting with it. The difficulty this exposes — knowing
which representation a human finds easiest — is the same difficulty this thesis identifies

as central.

Where the machine teaching example selection itself was tested, it worked. In Paper
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(i), teaching sets selected by machine teaching gave higher participant accuracy than
a random baseline of matched complexity. In Paper (viii), teaching sets built from
examples with low deductive error produced lower teaching error in an LLM learner

than those selected without regard to it.

As is standard in machine teaching, the number of examples needed for teaching de-
pends on both the learner and the concept class. The theoretical work of this thesis
identifies which structural properties carry this dependence. In Paper (ii), the difference
between Eager and Greedy is governed less by how much redundancy the representation
class contains than by its redundancy spread — how the equivalent representations are
distributed through the representation ordering. In Paper (iii), we prove that among all
concept classes with n concepts over m instances, H, ,, minimises the number of realis-
able teaching sets of every size, and therefore maximises the lower bound on the teaching

dimension that holds for any learner.

Three questions remain genuinely open. The first is whether any tractable learner model
captures human reasoning well enough to optimise against. The second is whether large
language models can serve as proxies for humans, either as the learner model itself or
as substitutes for participants when comparing explanation methods. The third is more
fundamental, and concerns whether simulatability tracks understanding at all. We turn

to this last question first.

5.2 Limitations

The most significant limitation of this thesis is conceptual. Throughout, understanding
has been operationalised as simulatability, and measured through forward simulation.
There are good reasons for this: it is measurable, and it measures understanding in
the users of these tools rather than a property of the tools themselves. However, in
accordance with Goodhart’s law, a metric may cease to be a good one once it becomes

the target. Let us see why simulatability might not be enough.

Firstly, simulatability is uniform; it only cares about how well you can predict the model’s
output on average. It may be more important to correctly identify the examples on which
the model disagrees with the ground truth (risk analysis), or to correctly identify when
the model will produce a signal for a minority class (anomaly detection). Simulatability

does not capture these important aspects of understanding.

Secondly, prediction does not require comprehension. A person may predict the model’s

outputs by pattern matching alone, without any causal or transferable account of why
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the model behaves as it does. High simulatability is therefore possible without the kind

of understanding one may actually care about.

Some operational target must be chosen, and we consider simulatability the right one;
but it should be read as exactly that — an operational target, not a definition of under-

standing.

Another important acknowledgement is that machine-teaching-selected examples were
never compared against the classical methods of example-based XAI. The reason is
that our domains fell on either side of a divide: either the domain was constructed for
the machine teaching setting, with the concept class known by construction, or it was
practical, and no method existed to extract a good concept class from it. In the latter
case, prototypes played the role of the teaching set when we tested model inspection
and simplification. This comparison is the most direct test the work still lacks, and the

automatic construction of concept classes discussed in Section 5.3 is its prerequisite.

The user studies in this thesis also carry the limits inherent to their format: large
variation between participants, limited sample sizes, and short completion times. In
Paper (iv), the cost of interaction additionally scaled with the length of the series, since
each time step had to be edited in turn. We refer to the individual papers for a full

account.

Furthermore, the algorithm proposed in Paper (v) has never been tested in a user study.
Hence, its usefulness has not been verified, despite the informative rules of thumb identi-
fied. It is also worth noting that even if ORS is confirmed to be beneficial in user studies,
this might not be due to the simplification itself, but to the shift it induces towards more

stable, prototypical instances.

We now turn our focus forward to what could be done next. We discuss the directions
we consider most promising: modelling the human learner, interactive and adaptive

teaching, and algorithmic aspects of our simplification framework.

5.3 Modelling the human learner

How to model the human learner is a question that has run through this thesis. In Paper
(i) we saw that misalignment between the learner model Ly, and the human learner Ly
is problematic; there, L), was a preference-based learner over a handcrafted concept
class. Papers (vii) and (viii) instead used LLMs as learners, either directly (Paper (vii))

or as experimental support (Paper (viii)).
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Broadly, the learner model can be viewed as a surrogate model of the human — the mirror
image of XAI’s surrogate models of Al systems. Learner models then fall on a spectrum,
from version space learners over handcrafted concept classes to fully learned surrogates

of the human. We discuss ideas along this range.

Instead of handcrafting the concept class, we could automatically extract it. For the class
to remain human-like, its concepts should be simple combinations of human-interpretable
features. This follows the work of Singla et al. [2014], where human-interpretable features
are obtained through crowdsourcing and linear combinations of them form the candidate
concepts. Extracting such features is necessarily domain-specific; for time series — the
most explored practical domain of this thesis — a natural candidate is shapelets: short
continuous segments that discriminate between classes by approximate containment [Ye

and Keogh, 2011]. Concepts would then be short rules over these features.

Another natural approach would be to use LLMs to generate candidate rules or expla-
nations of the Al system’s behaviour [Marti-Pérez et al., 2026, which could then form
the basis of a concept class. This way, what constitutes human-interpretable features

and their combinations would be determined by the LLM.

A third option to explore is to train a surrogate model directly. Given data from a
forward simulation user study, one could train a model on the different teaching sets and

use the users’ resulting answers as labels.

However, LLMs may already be good surrogate models of humans in terms of simulata-

bility, mitigating the need to train dedicated surrogate models.

This opens two distinct uses. The first is to use an LLM directly as the learner model L;:
the teacher optimises teaching sets against the LLM, and the best set found is presented
to the human. Since the teacher only ever selects the best set, the critical question is: are
the teaching sets that are best for an LLM also good for humans — and which LLMs are
the best surrogates for which domains, problems, and target users (end-users or experts)?
The second use is in evaluation: forward simulation user studies are costly, and LLMs
could stand in for participants when comparing explanation methods, reserving human
studies for the most promising candidates. Here the LLM must be faithful across the
whole range: from poor to good teaching sets, does simulatability for the LLM correlate

with simulatability for humans?

Since some of the methods described in this section could produce huge concept classes
containing many similar — or even equivalent, as in Paper (ii) — candidates, unique
identification might require a very large teaching set. The natural remedy is instead

to use PAC teaching, as introduced in Paper (viii), in which the aim is to teach an



38 Discussion, future directions and conclusion

approximately similar concept with high probability.

However, the concept class is only part of modelling the learner — assuming one does not
use full surrogates, such as LLMs. The prior over the concepts is another aspect that
needs to be modelled, and how to do this well should also be studied, although we do

not provide concrete ideas on how to do so.

5.4 Interactive and adaptive teaching

Paper (iv) took a first step towards interactive teaching: the teacher reacts to the
learner’s current example by generating a new counterfactual. Teaching of this kind
has been studied for real-world categories: Johns et al. [2015] teach humans to clas-
sify images by maintaining a probabilistic model of the student, updating it after each
response, and choosing the next image accordingly, and Singla et al. [2014] address a re-
lated problem with crowd workers. What remains open is the same loop when the target
concept is a classifier’s decision function rather than a ground-truth category, where la-
bels are free but the concept class to update beliefs over is precisely what is missing, as

discussed in Section 5.3.

Concretely, such a loop could alternate between teaching, exploring and quizzing. First,
the learner receives a teaching set from the teacher. Second, the learner explores the
model based on their current mental model, a step which has no counterpart in the
loops described above. Third, the teacher gives a quiz of unlabelled examples: forward
simulation, used here as a feedback signal rather than as the evaluation instrument it
has been throughout this thesis. The learner’s answers reveal their current hypothesis
and where it errs, and the teacher uses this feedback to select the next teaching set. The
cycle repeats until the learner reaches a satisfactory quiz score. Notably, in Paper (iv)
we found that counterfactual guiding alone did not improve participants’ understanding;

a guided loop of this kind is where interaction may yet pay off.

5.5 Algorithmic aspects

The ORS algorithm of Paper (v) has two steps: first, dynamic programming generates
the ¢ least costly candidate simplifications with respect to similarity and complexity;
second, the robustness of each candidate is scored and the overall best is selected. For
long time series, Paper (v) observed that even with ¢ = 10°, the candidates returned

by the first step are nearly identical to one another: a counting argument shows that
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the number of ways to place segment endpoints in the immediate vicinity of the best
simplification can alone exceed q. Consequently, increasing the weight v on robustness
cannot change the outcome, and the optimality guarantee of the algorithm — which
requires the cost difference between the best and the gth candidate to be at least v —
applies only for very small v. The paper therefore suggested, as future work, a heuristic

that discards marginally different simplifications during the dynamic programming.

Here we sketch this direction in more detail. Pruning near-identical candidates makes
the ¢th candidate genuinely different from the best, and thus directly widens the range
of v for which the optimality guarantee applies. The remaining question is what dis-
carding a candidate may cost. A natural hope is to bound this through overlapping
perturbations: if the perturbations of two near-identical simplifications largely coincide,
their robustness scores cannot differ by much. We explored this direction, but ran into
an obstacle: perturbations are anchored at the pivot points of a simplification, and since
near-identical simplifications typically select different pivot points, their perturbation

sets are, by definition, disjoint.

One way forward would be to relax the perturbation model to also shift pivot points
along the time axis, so that the perturbation sets of similar simplifications genuinely
intersect and the bounding argument can be revived. Alternatively, one could forgo
worst-case bounds altogether: we believe that sufficiently similar simplifications will
tend to have similar robustness scores, and quantifying this empirically could justify

pruning heuristics directly.

5.6 Conclusion

This thesis set out to evaluate machine teaching as a foundation for example-based XAI.
Where it was applied, it worked. Machine-teaching-selected examples helped participants
understand a target concept better than a random baseline of comparable complexity
(Paper (i)). Used as an instrument rather than as an explanation method, teaching size
measured the identification complexity of concepts across modalities in vision-language
models, and found the relative ordering largely preserved (Paper (vii)). Extending the
theory to learners that fail stochastically produced teaching sets that measurably reduced
error in an LLM learner (Paper (viii)). On the theoretical side, we identified some
structural properties of the concept class that influence the cost of teaching: redundancy

spread (Paper (ii)) and the worst-case class H,, ,,, (Paper (iii)).

What proved unreliable was not the machinery for selecting examples, but the assump-
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tions about the learner that such selection is optimised against. Even in Paper (i), where
the learner model was explicit, participants attended to features it did not represent; se-
lection still helped, because the model was close enough to be worth optimising against.
The assumptions that did not survive were of a different kind: that a particular inter-
face would prompt active hypothesis testing, or that a simpler representation would be
easier to reason over. These are claims about what people find easy, and we had no way

to check them before running the study.

The binding constraint is therefore the learner model, and it cannot be removed. Without
prior information about a particular person, what they will infer from a set of exam-
ples cannot be predicted with certainty. But it does not need to be. It needs only to be
approximated well enough to be useful, and there are two routes to that: better surro-
gates of the population, pursued in Section 5.3, or information gathered from the learner

during teaching itself, pursued in Section 5.4.

Despite this limitation, the case for the approach holds. Machine teaching is useful
for example-based XAI when the learner model, the representation, and the evaluation
target are all credible, and its contribution is that it forces the learner model to be stated.
The question it puts at the centre of example-based XAl is not which examples to show,

but whom we are teaching.
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Abstract. Exemplar-based explainable artificial intelligence (XAI)
aims at creating human understanding about the behaviour of an Al sys-
tem, usually a machine learning model, through examples. The advantage
of this approach is that the human creates their own explanation in their
own internal language. However, what examples should be chosen? Exist-
ing frameworks fall short in capturing all the elements that contribute to
this process. In this paper, we propose a comprehensive XAl framework
based on machine teaching. The traditional trade-off between the fidelity
and the complexity of the explanation is transformed here into a trade-
off between the complexity of the examples and the fidelity the human
achieves about the behaviour of the ML system to be explained. We anal-
yse a concept class of Boolean functions that is learned by a convolutional
neural network classifier over a dataset of images of possibly rotated and
resized letters. We assume the human learner has a strong prior (Kar-
naugh maps over Boolean functions). Our explanation procedure then
behaves like a machine teaching session optimising the trade-off between
examples and fidelity. We include an experimental evaluation and several
human studies where we analyse the capacity of teaching humans these
Boolean function by means of the explanatory examples generated by our
framework. We explore the effect of telling the essential features to the
human and the priors, and see that the identification is more successful
than by randomly sampling the examples.

1 Introduction

In the field of eXplainable AI (XAI), there are multiple ways to explain humans
how an AI system works, one of them being example-based XAI [16,21,24],
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where the XAI system aims to find examples showing how the machine learn-
ing system acts in different situations. Machine teaching is the research area of
actively selecting an optimal (e.g., minimal) set of examples so that a learner
can identify a given concept or model [27]. The goal is for the teacher to find
the smallest training set—known as the teaching or witness set—such that, a
learning algorithm, when given the teaching set as an input, produces a tar-
get concept. In this work, we propose a framework based on machine teaching
techniques where the XAI system (the teacher) provides explanatory examples
to humans (the learners). The target concept is (a part of) the black-box Al
system that needs explanation. The machine teaching algorithm must find a
small set of labelled examples that will allow the human to build their own
model of the AT system and thereby arrive at an explanation of the target con-
cept [17,19]. We demonstrate the validity of our proposal by including some
results of an experimental evaluation where we evaluate the results of teaching
a black-box model to humans. Specifically, the black box to explain is an artifi-
cial neural network learned from images generated by Boolean expressions. We
choose Boolean functions because the notions of prototype, centroid, anchors or
boundary examples are more elusive in discrete concept classes like this, but we
also use neural networks that might use some other features. We analyse the
effect of giving humans information about how the examples were chosen and
indications about the relevant features. The results show that our framework
can generate explanatory examples useful to teach humans Boolean functions,
better than sampling examples at random.

The paper is structured as follows. In Sect. 2 we review part of the literature
related to XAI and machine teaching. Section3 describes the framework we
developed to generate explanatory witness sets. We instantiate that method for
explaining neural network classifiers of images representing Boolean concepts in
Sect. 4. Section b describes the experiments and human studies, and discusses
the results. Finally, Sect. 6 closes the paper with conclusions and future work.

2 Machine Teaching for XAI

Explainable AT (XAI) is an active research field aiming at explaining the decisions
of Al systems [16]. Machine learning is a key component of many Al systems, and
therefore X AT usually focuses on explaining machine learning models [7,22].

Explainable AT must usually face several trade-offs, such as the tension
between fidelity (level of coincidence between the predicted or understood
behaviour of the system and the actual behaviour of the model) and com-
prehensibility (how much effort it takes for the human to understand) [5]. In
general, making useful explanations among these tensions requires a great deal
of abstraction, additionally modelling machine behaviour [20] in a way that is
comprehensible to humans.

XATI approaches are divided into two families. In the first one, the goal is to
extract an abstract representation of the Al system to serve as an explanation to
a human. An example of this approach is extracting comprehensible rules from
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models [3]. In the second family, the goal is to use examples such that humans
can infer their explanation themselves, known as exemplar-based explanations.
An example of this approach is using anchors or partial examples [21].

Machine teaching [26] is a research field that is sometimes considered as
an inverse problem to machine learning. In machine teaching the examples are
chosen wisely by a teacher to teach a concept to the learner. Figurel shows
a situation where the teacher has the concept of reversing a list. The teacher
could try to explain the concept, but the languages employed by the learner
and teacher might not be the same. In this situation, as happens with humans
frequently, a few examples may be more effective. In the image, the teacher sends
a couple of input-output pairs to the learner, thinking that this would be useful
for the learner to build and identify the concept.

@Ooo (abcd, dcba), ”‘@

(aaabbb, bbbaaa)

Learner Teacher

Fig. 1. Machine teaching example. The teacher tries to teach the concept of the reverse
of a string. The teacher selects two examples carefully and shows them to the learner:
the input string abed being mapped into dcba, and the input string aaabbb being mapped
into bbbaaa. The learner must infer the concept from only these two examples.

Mainly, machine teaching has been used to comprehend and depict how
humans teach. An example is the analysis conducted by [12], which examines
the teaching of 1D concepts (intervals) to machines, comparing a machine teach-
ing environment with a curriculum learning environment. In both instances, the
question is whether humans provide examples at the boundaries to assist the
learner in replicating these boundaries or if they provide examples in clear areas
so that the user can interpolate, as outlined by [1].

Our focus lies in machine teaching for the purpose of explaining concepts to
humans [8]. In certain models, the teacher can interact with the learner by posing
questions (e.g., [15]). On the other hand, some methods have attempted to expand
the machine teaching framework by using examples to achieve explainable AI. A
few proposals stray from the traditional machine teaching approach and instead
utilize well-selected demonstrations in inverse reinforcement learning [9], or in the
Cooperative Inverse Reinforcement Learning (CIRL) framework [6].

Yang et al. [25] evaluated the effectiveness of example-based explanations for
AT using Bayesian Teaching, with a focus on high sensitivity and high specificity,
and we will compare our findings to theirs. Another approach to teaching for
XALI is the decomposition of the learner’s hypothesis into an attention function
and a decision function, as proposed by Chen et al. [2]. Ouyang [18] presents an
algorithm for the Bayesian inference of regular expressions using examples. The
teaching paradigm proposed is also linked to how humans communicate and how
the speaker chooses the appropriate word based on their listener.
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3 A MT Framework to Generate Explanatory Teaching
Sets

In machine teaching, the teacher T' is viewed as a function from concepts to sets
of labelled examples, with 7'(f) = S denoting the labelled examples S the teacher
employs to teach concept 6. Likewise, the learner L is viewed as a function from
sets of labelled examples to concepts, and we require that the concept guessed by
the learner is compatible with the given examples S, denoted L(S) |= S. Correct
teaching is achieved if L(T'(0)) = 0, i.e. the guessed concept is indeed the one
the teacher had in mind. To achieve an efficient teaching protocol we employ
simplicity 8 on concepts and § on example sets (Occam’s razor), as in [23]. 3
is shared by learner and teacher, and ¢§ is used to prioritise simple witness set.
When applying this to XAI the concept #4; can be the entire Al model to be
explained or some particular substructure. To build our XAl system we employ
i) an machine learning algorithm Lj,; modelling the human learner Ly with its
simplicity prior § on guessed concepts, ii) a simplicity prior 6 on example sets,
and iii) a loss function A giving a penalty for deviations of the guess 6y, from
the intended 6 4;.

We propose a parameterised framework to generate explanatory examples
from a black-box model 6 4;7. In the framework, we explore the trade-off between
fidelity (squared error of the guessed model compared to the black-box model)
and teaching complexity (measured as the complexity of the set of labelled exam-
ples used as a teaching set) [14,24]. The framework is defined as:

T(0ar) = g'l"eglﬁifé{&s) + p-AOar, On) : Ly (S) = O} (1)
L (S) = argmin {5(6h)}
OO0 =S

In these equations T' is a teacher, aiming to teach a concept 647 to a human
learner Ly, by finding a teaching set S such that Ly (S) = 047. To achieve
automation and increase iteration speed a model Lj; of Ly is used, and the
teacher will therefore aim for T'(047) = S s.t. Ly (S) = 047. The fidelity func-
tion becomes 1 — X\ and it measures how closely the guessed concept 65, matches
the concept 045, while the factor p allows us to balance the influence of com-
plexity (§) and fidelity (1 — \). In this work, we present an implementation® of
Eq. 1 tested on a machine learning model trained on images generated by basic
Boolean functions.

4 Obtaining Explanatory Examples from a Neural
Network

In this section we discuss how the framework presented in the previous section
is applied to a black-box model represented by a neural network learned from
images generated by basic Boolean functions.

! https://github.com/BrigtHaavardstun/ExplainableAl.
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4.1 The Black-Box Model 0471

For the experimental setting, we implemented our own 645, with the task of
learning a Boolean function on four variables, ¢(A, B,C, D). Determining the
subjective difficulty of learning Boolean functions has been addressed in the
literature, see e.g. [4]. The input to 645 will be a bitmap containing a subset of
letters from the alphabet ¥ = {A, B,C, D}, with the letters present being the
variables set to True. The bitmaps thus represent an example, with letters being
rotated and scaled and placed randomly. This gives us the possibility of extensive
training data for our AI. The output space of 645 is {0, 1}. For instance, with
the concept ¢ = (AA B)V (C A D), we label an example 1 if ¢ evaluates to True,
and 0 if ¢ evaluates to False.

We chose a Convolutional Neural Network (CNN) [13], as a common tech-
nique for images, while at the same time not interpretable by themselves, making
them a good choice for generating our 6 47. We implemented a CNN with 8 layers
in Python using Keras and TensorFlow.

4.2 The Model of the Human L,

For simplicity, our model Lj; of the human learner will not be given bitmaps as
examples. Instead, it takes as input the letters present in each image. We thus
hypothesise that the human will pay attention to the letters present in the image
and disregard other information such as rotation, size and position.

The hypothesis class of Lj; will consist of all Boolean functions over the 4-
letter alphabet. Then, given a teaching set like S = {(AC,0),(AD,0),(BD,0),
(AB,1),(BC,1),(CD,1)}, we must decide how Ly, will act. We assume a human
constructs something like a partial truth table, in this case with 3 rows out of
24 = 16 rows total filled with True, 3 rows filled with False, and 10 rows filled
with Don’t-Cares (x). Applying Occam’s razor, we need to define the function
B, to choose the Boolean function that is most simple and adheres to these
constraints. A commonly accepted answer is the use of Karnaugh maps [11].

We use disjunctive normal form (DNF) which mimics human reasoning. To
verify a positive instance you need only to confirm one clause, whereas to confirm
a negative instance you always need to check all clauses. The resource-heavy
task of confirming a negative compared to a positive is somewhat similar to how
humans are poor at negations [10]. For each teaching set the Karnaugh map
technique can find many possible DNF's, and in the spirit of K-map minimization
we use the following scheme to pick the simplest. The DNFs are sorted in order
by fewest clauses, and to break ties we compare clauses starting from the simplest
one, using the criteria 1) fewest variables, 2) fewest negations, 3) lexicographic
order. This defines § and gives us a unique Boolean formula in DNF form for
each teaching set.

4.3 The Fidelity Function 1 — A

When we want to compare 047 and 6,;, we need to view the former as an
approximation to some Boolean function, but also being affected by the loca-
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tion, rotation, etc., of the letter. Consequently, for each subset of letters (logical
example), we estimate the percentage of images containing exactly these letters
that 045 evaluates to True on new images, based on the full training set. We
get values like the top row in Table 1. We observe that 6 4; predicts some letter
groups the same and is more undecided on other letter combinations.

Table 1. Top row shows the percentage of bitmaps on letters for that column for which
041 evaluates to True. Bottom row shows the truth table of 6,y = (AA B) V (C A—=A),
and A(Qar,0n) = % ~ 0.0139 is the MSE of the difference of all 16 columns, giving
fidelity 0.9861.

Symbol [0} A B C D AB |AC |AD |BC |BD |CD |ABC|ABD |ACD |BCD | ABCD
6 o5 predicts [0.00|0.00/0.00|0.95|0.00/0.99|0.02|0.00|0.63|0.02/0.91|1.00 |[1.00 |0.04 |0.74 |1.00
Op; evaluates |0 0 0 1 0 1 0 0 1 0 1 1 1 0 1 1

To evaluate how well the 6,;, returned by the learner as the Boolean formula
minimizing B, matches 645, we use its truth table as in the bottom row of
Table 1. We then compare the two rows (for 645 and 6j7) using Mean Square
Error (MSE) to get A and fidelity 1 — A.

We have experimented with various definitions for the complexity function,
to punish large and complicated teaching sets S. The chosen 4 is a simple squared
sum of the number of variables present in each example, plus 0.1 for the empty
set (corresponding to setting no variable to True). We thus keep low the total
number of variables in all examples while simultaneously putting a high cost on
a single large example. Note that the § values are typically much higher than
the X\ values, so in our first set of experiments we set the multiplicative factor
w1 = 800 when computing the aggregated score §(S) + - A(@az,O0nr).

4.4 The Teacher T

The goal of the teacher is to find a teaching set explaining 645, by iterating
over potential teaching sets. For each teaching set S, we compute Ly (S) = 0
as described earlier, and the aggregate score §(S) + p - A(0as,6ar). During the
iteration we retain the best aggregate score. For these experiments the iteration
is an exhaustive search.

5 Experimental Evaluation

Given the previous setting we performed a set of experiments using different
concepts and parameters to analyse the effect of several elements in the machine
teaching process on explaining the behaviour of various Al models. In particular,
we played with AI models trained on different sized training sets, which approx-
imate the original Boolean function to different levels of accuracy. Depending on
how well the Al is approximated by a Boolean function the trade-off parameter
i between fidelity (1 — A\) and teaching complexity (§) has different effects.
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5.1 Generation of Teaching Sets

5.1.1 Fixed p for Varying Models. We trained nine different © 4; models
with differently sized data sets. In this first experiment, all models are trained
with the ground truth ¢ = (A A B) vV C and the alphabet ¥ = {4, B,C}. The
data set sizes used in the experiment are: {10, 50, 100, 500, 1000, 2000, 5000,
10000, 50000}. Accordingly, we denote the different models: {Al1o, Als0, Al1g0,
Als00, Al1000, Al2000, Als000, Al10000, Al50000}

In Table 2 we show several results. In the first row we see the expected result
that the accuracy of the models wrt the original concept ¢ increases as more
training examples were given to the neural network. In the next rows we show the
Boolean expression that best approximates the model, with its associated highest
possible fidelity (1 — A) over all Boolean functions. We see that the language of
Boolean functions obtains a perfect match for the case of Al;g (because the
underlying concept is very simple, always predicting True, which is a Boolean
function) and almost perfect for Al1pp00 and Alsgppo (because the number of
training examples leads to a concept that is very close to ¢). Note that also in
other cases the most accurate Boolean function is ¢ (from Alsggp and up).

Table 2. Several © 41 models Al trained for size t of training examples for ¢ =
AB+ C = (AN B)VC. We first show accuracy with respect to ¢. The next two rows
show the closest Boolean expression (AB+ C from Alz000 and on) and its fidelity value
1 — A. Then we do teaching with p = 800, and show the Boolean concept taught by
the system, the teaching set and its complexity, the fidelity and aggregate score.

Als Alig Also Alipo Also0 Alipoo | Al2000 |AIsoo0 |Al10000 |Al50000
Accuracy 62.50 72.85 78.38 81.01 88.47 91.42 94.74 98.72 99.36
AB+C
Boolean with | Always A+B+C |A+B+C | AB+ AB+ AB+C AB+C AB+C AB+C
highest 1 — A\ | True AC+BC |AC+BC
Highest 1 — A |1 0.927 0.9578 0.9226 0.9843 0.9752 0.9936 0.9994 0.9999
Model Always A+B+C |A+B+C | A+C AB+ AB+C AB+C AB+C AB+C
taught 6, True AC+BC
Teaching Set | {(0,1)} [{(0,0), [{(0,0), [{(0,0), |[{(A,0), [{(A,0), [{(A0), [{(A0), [{(A0),
S (A1), (A1), (A1), (AB,1), |(AB,1), |(AB,1), |(AB,1), |(AB,1),
(B71)’ (B’]‘)’ (071)} (AC71)7 (B70)7 (B70)7 (B70)7 (B70)7
(C,1)} (C,1)} (B,0), (C,1)} (C,1)} (C,1)} (C,1)}
(BC71)7
(C,0)}
5(9) 0.1 3.1 3.1 2.1 15 7 7 7 7
1— 1 0.927 0.9578 0.9179 0.9843 0.9752 0.9936 0.9994 0.9999
A(Alwa GM)
5 + 800X\ 0.1 61.52 36.71 67.82 27.63 26.84 12.17 7.49 7.09

Now let us look at the next few rows showing results for the teaching frame-
work when run with the chosen parameter p = 800. First we show the Boolean
concept 6j; that is actually taught by the system and note that it is almost
always equal to the Boolean concept with highest fidelity (1 — A) value in the
2nd row. The only exception is Al5gy where the trade-off between § and A favours
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the Boolean concept A V C instead of (AA B)V (AAC)V (B AC) because the
teaching set for the former is much simpler (6 = 2.1) than the teaching set for
the latter (6 = 15 as can be seen under Al1pgg). The next rows show the teaching
set employed, its ¢ value, the fidelity value and the aggregate score.

There are three clear cases in the table (Al1o, Al10000 and Alsppo0) where
a simple teaching set allows the teacher to convey a concept to the learner
that very closely captures the model. But there are other cases, such as Ao
and Alspg, where the situation is less clear. For Al gy the fidelity is not bad
(1 =X =1-0.0157 = 0.9843) but the complexity of teaching becomes high
(6 = 15) so even if a sufficiently accurate concept can be taught this is at the
cost of a higher effort from the learner. For Alsgg we see that this cost is reduced
but the fidelity is worse (1 — A =1 — 0.0248 = 0.9752).

5.1.2 Varying pu for a Single Model. In a second experiment we trained a
© 47 model on a data set of size 350 for ¢ = (AAB)V (CAD)=AB+ CD on
4 variables/letters. The accuracy was 78.25% and the closest Boolean function,
with a fidelity value 1 — X\ of 1 — 0.06 = 0.94, turned out to be ABC + ABD +
ACD + BCD, which can be interpreted as “True if and only if at least 3 letters
present”. To investigate the trade-off between fidelity and complexity, teaching
was done with varying values of u, see left column in Table 3. We see that as p
increases more emphasis is put on fidelity at expense of complexity. Note that at
w1 = 3200 the fidelity is as good as possible (i.e. highest possible 1 — \) since the
teaching set at ;. = 3200 is optimal for that optimal 8, so increasing p will have
no effect. Of course, this comes at the expense of a high complexity. An option
worth exploring is to take the characteristics of the human user into account
when deciding on the fidelity vs complexity trade-off, e.g., having a high value
of p for an expert and a low value for a non-expert.

Table 3. Results for a single Al model where the closest Boolean function turned out
to be ABC+ABD+ACD+ BCD. Teaching was done with varying values of u, see left
column. As p increases more emphasis is put on lower fidelity 1 — X =1 — X(@ar,0n)
at expense of higher teaching complexity J.

Range p Model taught 05, 1—X |6 Teaching set

16 A 0.812 [1.1({(0, 0),(A,1)}

160-960 AC+BD 0.9119|12 |{(A,0),(B,0),(C,0),(D,0),(AC,1),(BD,1)}

1120-1840 | AC+BCD+AD 0.9282 (30 |{(A,0),(AC,1),(AD,1),(BC,0),(BD,0),(CD,0)}

1920-2400 | AC+ABD+BCD 0.9344 |42 | {(AC,1),(AB,0),(AD,0),(BC,0),(BD,0),(CD,0),
(ABD,1),(BCD,1)}

3200—oc0 ABC+ABD+ ACD+BCD |0.94 60 | {(AB,0),(AC,0),(AD,0),(BC,0),(BD,0),(CD,0),
(ABC,1),(ABD,1),(ACD,1),(BCD,1)}

This second experiment also shows that it is not difficult to determine when
the language used for the explanation leads to low fidelity and/or complex expla-
nations. Actually, in this case, since the function captured by the Al model does
not have a clean Boolean concept, we can detect that teaching will either lead to
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low fidelity or complex explanation (or both). In sum, the use of the complex-
ity of the teaching set in the trade-off is not only the right choice when doing
example-based XAl but it also leads to the same insights as when the complexity
of the concept is taken into account.

5.2 Different Hypothesis Spaces

This section will examine the effects of different hypothesis spaces (representa-
tion languages) between the AT model, the ground truth, the model of the learner
Lj; and the actual human learner L. In our exemplar-based explanation sys-
tem, we added letter rotations, letter resizing and letter location as cognitive
noise and extra features, so that we have more confounders, and motivated by
these spurious variations the neural network will have error with respect to the
ground truth. This makes things more realistic, with the neural network creating
patterns that are not fully captured by Lj;. A neural network trained on images
can in principle model functions over all possible images creating an enormous
hypothesis space Hp;;. On the other hand, the ground truth labelling function
is on a small set of features, i.e. the presence or absence of k letters, giving the
small hypothesis space H,», with p = {0,1} indicating the two possibilities of
present or absent. When the actual human learner Ly is given a set of labelled
images from the example space H,;;, they will create a rule based on the features
of the images they consider relevant.

Our exemplar-based explanation system has a focus on the simplicity of
examples, and so far this has been with respect to the ¢ function. But sim-
plicity also comes into play when generating images with certain letters present.
The simplest images contain letters that all have the same size, with no rotation
and with uniform placement, and these can be used as the simplified examples
most compatible with the smaller example space Hx. The research question we
want to address with the following experiment is whether using such simplified
examples helps align the hypothesis spaces.

The experiment will compare the options for aligning the hypothesis spaces,
by three groups that are given the teaching sets in different formats

— Group I: Use original images.
— Group II: Use simplified images, without irrelevant features.
— Group III: Use original images, but alert learners to essential features

We created a 2AFC (two-alternative forced choice) survey. Participants were
shown a teaching set of carefully selected images and the (binary) classification
of these images into Box 1 or Box 2 (True/False). They were then shown a test
set of unclassified images and tasked to classify each image into one either Box 1
or Box 2. In Fig. 2, we display how these tasks were presented to the participants.

The teaching sets were selected according to the system presented in the
earlier sections. The test sets were randomly selected with the restriction that
exactly one image should contain the same letter combination as one in the
teaching set.
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Fig. 2. Participants in group II were presented with this screen when tested on the
formula ¢3 (C or both A and B). Note the teaching set for Box 1 (True) and Box
2 (False) have images without the noise (rotation, resizing and relocation) found in
the five images of the Test Set. For Groups I and III also the teaching set had noise.
For group III the following text was displayed prominently: “NB: Size, placement and
rotation do not matter. Focus on present/absent letters.”

In total, we trained six Al models (called ‘robots’ in the survey) to be tested.
All of them were trained to a high degree of accuracy. Each robot was trained
on a different Boolean expression ¢.

We asked each participant to classify five test instances for each Boolean
expression ¢. The participant’s answer to the ith test is denoted p(¢, ). The cor-
rect answer to each test is given by ¢(i). To calculate a participant’s score for a
single Boolean expression, we use the following formula: p(¢) = % 2?21 p(p,i) =
¢(i)] where: p(¢,i) = ¢(i) is 1 if the participant’s answer is correct and 0 oth-
erwise. We then calculate the score of the jth participant across all Boolean
expressions as follows: p; = %Z?Zl p(¢;). Here, p(¢;) represents the partici-
pant’s score for the ith Boolean expression.

In total, we had 42 voluntary participants, who were master students, doc-
toral students or faculty in informatics, none of whom received compensation.
The participants were presented with the survey and freely choose to participate.
The participants were randomly assigned to the groups, with 12 participants in
group I, 17 in group II, and 13 in group III.

The average scores for Groups I, II, and IIT were 0.564, 0.664, and 0.732,
respectively. Furthermore, we observed that group III had the highest average
score on H out 6 test instances. Though the results are not conclusive due to the
small sample size?, we decided to move on with option III, as we know that the
teacher should do something to align the hypothesis spaces of Ly, and Ly to
achieve efficient learning. Next, we look at the quality of the teaching sets, by
comparing our teacher to a teacher randomly selecting teaching sets of similar
complexity, with both presenting the teaching sets as group III.

2 We conducted t-tests for all pairs of groups to test whether means differ statistically
significantly and got p-values 0.0297, 0.0013, and 0.0747 for pairs (I,11I), (I,I11)
and (I1,1I1), respectively.
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5.3 Compare to Teaching Sets Chosen Randomly

In this section, we discuss a second survey where we compare the teaching sets
given by our exemplar-based explanation system (the smart teacher) to a system
where the teaching sets are chosen randomly but correctly labelled and without
repetitions (the random teacher).

To make the comparison of the random teacher and smart teacher fair, both
will present their teaching sets as in group III. For a given Boolean formula, we
first find the teaching set S used by the smart teacher, and then we ensure that
the random teaching set Si has a complexity (§*-value®) close to Sg (i.e. within
some +e additive difference) by choosing Sg as follows, while making sure that
no letter combination is repeated in Sg:

1. while 6(Sgr) < 6(Ss) — € — add a random new image to Sr
2. if §(Sg) — e < 6(Sgr) < 0(Ss) + € — use Sg
3. if 0(Ss) + € < 0(Sg) then set Sg = () and restart from 1.

To avoid bias from the previous survey, we changed most Boolean expres-
sions for the new survey. They were (again) chosen with a variation in terms of
expected difficulty, see Table 4. The formulas used can be found in Table 4.

Table 4. Boolean expressions used in the second survey.

Nr | Prior Ly | Short description Boolean expression

¢1 | High Less Than Two Letters | (mAA =B A —=D)V (=B A—-C A -D)V
(=AA—=C A=D)V (=AA-BA-C)

¢2 | Medium | A or both B and D (BAD)V A

¢3 | Medium | B or D Bv D

¢4 | High Exactly One Letter (AN-BA-CA-D)V(mAANBAN-CA-D)V
(wFAA-BACA-D)V(=AA—=BA—-C AD)

¢s | Medium | No D -D

Both groups Gg given smart teaching sets and G given random teaching
sets will be shown the same test sets, and we now discuss how to generate the
testing sets. When generating testing sets, we want them to be fair with regards
to both teaching sets Sg and Sk so that none of them get an unfair advantage.
Define [(S) to be the set of letter combinations in the teaching set S, and define
X to be the set of all images. We generate test sets for Sg and Sr by choosing
images from X as follows, while ensuring that each letter combination appears
at most once:

1. As long as there are new letter combinations in {(X)/(I(Sg)Ul(Ss)), choose
such an image at random.

2. Otherwise, fill the test set with images from the set of letter combinations in
I(Sr)N1(Sg), chosen randomly

3 We use 6* = Number of present letters.
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We select a test set of size five by the above protocol, for each Boolean
expression, see Table 6. We will thus be able to make a fair comparison between
the random and smart teaching sets.

Table 5. Teaching sets used for G on left and Gr on right (B1=Box 1, B2=Box 2).

Nr | Teaching set group Gg 6" (Gg) | Teaching set group Gr
¢1|B1:{A,B,C,D} 16 B1:{0,A,B,C}

B2:{ AB, AC, AD , BC,BD, CD } B2:{ AC , ACD , AD , BCD, CD }
¢2|B1:{A,BD}B2:{B,D} 5 B1:{ A, AC} B2:{B}
¢3|B1:{B,D} B2:{ 0} 2.1 B1:{ D } B2:{ C }
¢4 |BL:{A,B,C,D} 161 |B1:{A,B,C}

B2:{ 0, AB, AC, AD , BC,BD, CD } B2:{ AB, ABC , ABD , AD , BCD }
¢5 |B1:{ 0} B2:{ D} 1.1 B1:{ 0 } B2:{ BD }

Table 6. Test sets used for both Gs and Gg.

Nr | Test set

¢1 |{ ABC, ABCD,ABD,C,AD }
¢ | {ABD ,ACD,C,(,AD }

¢3 |{ ABC, BD, ABCD, AB, ACD }
¢s |{ ACD,ABCD,B,AD,C}

¢s { AC,CD, A, ABC,BC}

5.4 Overall Results

We will now discuss the results of the second survey. In total, we had 56 partic-
ipants, none of them overlapping with the previous test. The participants were
students in a university-level informatics course. The participants were randomly
assigned into two groups, with 22 participants in group Gg and 34 in group Gg.

We start by looking at each group’s average score for each ¢;. The results
are shown in Fig. 3. Our initial observation is that the group Gg has average
accuracy over all 5 Boolean expressions of 0.809 versus 0.699 for the group Gg,
suggesting that the smart teaching sets have an advantage. This difference is
statistically significant (p = 0.00016 from t-test). There are two cases where G
exhibits slightly higher average accuracy than Gg, namely for ¢; and ¢4. Notice
these concepts are the ones we classified to have high prior for Ly in Table4
and if we look at Table 5 we see these are also the concepts where our automatic
system generates teaching sets with large size (0-value). When the system is
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Task |Group Gs|Group Gr||Gs + Gr
$1  [0.882 0.924 0.908
¢ [0.954 0.759 0.836
$s [0.827 0.547 0.657
$a |0.873 0.888 0.882
$s  0.509 0.376 0.428
| Total|0.809 10.699 jo.742 |

Fig. 3. The table shows average accuracy in Groups Gs,Gr and Gs + Gr, for each ¢;
and Total. The bar plot shows average accuracy in Gs,Gr for each ¢;.

aligned?, as with ¢ and ¢s3, our system achieves substantially higher accuracy
than the random teacher (Fig.4).

Fig. 4. Boxplot showing results of the two survey groups, to the left teaching sets with
the exemplar-based explanation system, and to the right the random teaching sets.
There is a clear difference between the groups.

Table 7 gives information on the most common answers for each robot. The
most common answer vector of group Gg is the correct one for 4 of the 5 ¢;s,
while for Gg it is the correct one for 3 of the 5.

5.4.1 Detailed Discussion of ¢4 (Exactly One Letter in Box 1). Note
in Table7 that for ¢4 a full 85 % of the participants in G had all answers
correct, whereas this drops to 64 % for group Gg. We believe this is because
the smart teaching set happens to be compatible with the (wrong) concept ‘Odd
Number of Letters’. Thus when shown the test set containing ‘ACD’ almost a
third (7/22) of those thought with smart teaching set made a wrong choice,

4 We say that the system is aligned when the prior of Lys is similar to the prior of
Ly.
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Table 7. The most common answer for both groups. We show how correct the answer
is, with 1.0 being all 5 tests correct, and we also show how common it is.

Concept | Most common | Score [0..1] | Fraction of Most common | Score [0..1] | Fraction of
answer Gg participants Gg |answer Gr participants G

b1 (2,2,2,1,2] 1.0 59% (2,2,2,1,2] 1.0 76%

ba [1,1,2,2,1] 1.0 82% [1,1,2,2,1] 1.0 44%

b3 [1,1,1,1,1] 1.0 68% [2,1,1,2,1] 0.6 29%

b4 (2,2,1,2,1] 1.0 64% (2,2,1,2,1] 1.0 85%

b5 12,2,2,2,2] 0.2 41% 12,2,2,2,2] 0.2 53%

while less than a tenth (3/34) of those taught with the random teaching set
selected the wrong box. The teaching sets are in Table 5. This is why we believe
the random teaching set is slightly better (accuracy 0.888 vs 0.873, see Fig. 3)
for formula ¢4 where the procedure built on Karnaugh map used in our system
generates a very large smart teaching set.

We also asked participants for how they themselves would explain what they
thought each robot was doing. This information is useful to elucidate why the
smart teaching set does worse than the random teaching set on ¢4.

In the group Gg (the smart teaching set), 10 of the 22 subjects did not write
any explanation while 12 subjects had an explanation. 7 people answered wrong
for test ‘ACD’ and 3 of these had no explanation, whereas the other 4 confirm
our suspicion that they are focusing on odd/even numbers of letters.

In the group G (the random teaching set) 27 subjects had an explanation.
3 people answered wrong for test ‘ACD’ and 2 of these had no explanation,
whereas the 3rd had an explanation that actually should have led the subject to
classify ‘ACD’ correctly.

6 Conclusions

The results of the paper are indeed promising and have the potential to advance
the field of explainable AI. Our proposed framework based on machine teach-
ing can effectively teach complex functions to humans using explanatory exam-
ples, with a clear advantage over choosing the examples randomly. These find-
ings demonstrate that machine teaching is a valid approach for exemplar-based
explainable AI, but also that the expectations on the features and the priors
of the humans is critical to get effective explanations from as few examples as
possible. As future work, we propose the study of Lj; models better aligned
with humans. Also, we are considering the use of teaching examples generated
by recent language models.
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Abstract

In traditional machine teaching, a teacher needs to teach a concept to a learner by means
of a finite set of examples, the witness set. But concepts can have many equivalent repre-
sentations. This redundancy strongly affects the search space, to the extent that teacher and
learner may not be able to easily determine the equivalence class of each representation.
In this common situation, instead of teaching concepts, we explore the idea of teaching
representations. We work with several teaching schemas that exploit representation and
witness size (Eager, Greedy and Optimal) and analyze the gains in teaching effective-
ness, both theoretically, and also experimentally for languages where redundancy can vary
(DNF expressions and Turing-complete P3 programs). Our theoretical and experimental
results indicate that there are various types of redundancy, related, e.g,. to the spread of the
redundant representations, handled better by the new Greedy schema introduced here than
by the Eager schema. For P3 programs witness sets found by Greedy are usually smaller
than the programs they identify, corroborating previous results that conveying information
efficiently is a leitmotif of machine teaching.

Keywords Machine teaching - Concept representations - Redundancy

1 Introduction

In formal models of machine learning (ML), there is a concept class C of possible hypothe-
ses, an unknown target concept ¢* € C' and training data given by correctly labelled random
examples. In formal models of machine teaching (MT), a collection of labelled examples,
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also called a witness set w, is instead carefully chosen by a teacher 7 so the learner L can
identify ¢* in C, thus w = T'(c¢*) and ¢* = L(w), see e.g. Goldman and Kearns (1995).
Recently, machine teaching has been applied in various fields like pedagogy (Shafto et
al., 2014), trustworthy Al (Zhu et al., 2018), reinforcement learning (Zhang et al., 2021),
active learning (Wang et al., 2021) and explainable Al (Yang et al., 2021; Hévardstun et al.,
2023). Most theoretical models of MT (and of ML) assume that the class C is a set of dif-
ferent concepts; the goal is then to identify or approximate the target concept in the class. In
MT, this assumption is broken when concepts are represented in a language that can have
several expressions for the same concept, such as “|z3| - |z5| > 0" and “x3 # 0 A x5 # 0
". A teaching model can focus on teaching the first expression while not realising that the
second—quivalent—expression may be preferable.

Concepts are expressed in a representational language, and most languages have redun-
dancy, with several representations mapping to the same concept; this is a common kind of
language bias. For some languages, teacher and learner may not know whether two repre-
sentations are equivalent—it may not even be computable. Hence, we may end up teaching
more than one representation of a concept. For example, the ‘powers of 2’°, the ‘number of
subsets of an n-element set’, and the ‘number of n-bit binary strings’, all denote the same
subset of natural numbers. In many practical situations, representations rather than concepts
matters, e.g., prompts for answers (Fernando et al., 2023) or programs for behaviours (Fin-
nie-Ansley et al., 2022).

Having redundant representations is common in most languages with which humans and
machines represent concepts, from natural languages to artificial neural networks. Redun-
dancy has been vindicated as a way to accomplish resilience—see e.g. Vardi (2022) refer-
ring to von Neumann: “Resilience via redundancy is one of the great principles of computer
science, which deserves more attention!” - by analysing kinds and levels of redundancy.
Hence, studying redundancy, in particular how the relation between representations and
concepts affects teaching, has important implications for and beyond teaching. This holds
also for machine learning [see, e.g., Hadley and Cardei (1999)], where notions of syntactic,
semantic and search bias (any language bias) are explored to make one language more suit-
able for learning than another [see, e.g., Muggleton and De Raedt (1994); Whigham (1996),
and Nédellec et al. (1996)]. The issue is important in any area where there is a non-injective
correspondence from concepts to representations, such as explainable Al. Several notions of
redundancy, density or compactness in representations have been studied (Yu, 1988; Enflo
et al., 1994; Alpuente et al., 2010), yet without focus on quantifying redundancy or concen-
tration over equivalence classes, as we define them in this paper.

We explore the idea of teaching representations, where the teacher knows a represen-
tation and wants the learner to identify it. Different representations r; and 73 can be in
the same equivalence class, i.e. defining the same concept ¢, denoted by [r1] = [r2] = c.
We model this much as in the traditional concept teaching scenario, but now by a set of
representations R (e.g. all regular expressions on alphabet {a, b}) over a domain X (e.g.,
all finite strings over {a, b}). Each r € R splits X into negative and positive examples and
can be viewed as a function r : X — {0,1} (e.g. r(abb) = 1 if abb is generated by r and
r(abb) = 0 otherwise). If [r1] = [r2] then as functions over the domain 7 and 3 are equal,
i.e. they split X equally (e.g., 11 = (aalab|ba|bb)* and 7o = ((a|b)(a|b))* both generate the
set of strings of even length). The teacher 7'maps r € R injectively to a finite set of labelled
examples T'(r) = w, = {(z1,b1), ..., (zn, by) } consistent with 7, i.e. with each z; € X and
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r(x;) = b;, called the witness for r. In case of teaching only with positive examples we will
have b; = 1 for all examples in any witness. As usual in machine teaching, the goal is to
teach using witnesses on the smallest possible number of labelled examples.

We assume the learner has simplicity functions on the set of representations and on the
set of labelled examples. A similar assumption appears in various Machine Teaching mod-
els, e.g., the Preference-Based teaching model (Gao et al., 2017) assumes an ordering on
concepts and the Recursive teaching model (Zilles et al., 2011) assumes a partial ordering
on witnesses. Furthermore, in the teacher/learner algorithm of Telle et al. (2019), which
we call Eager, the learner employs an ordering on concepts called the learning prior, while
the teacher wants to minimize the ‘teaching size,” which implicitly determines an order on
witnesses. In the Eager algorithm, the learner, when given a witness, will employ Occam’s
razor and guess the simplest consistent representation, and the teacher will always provide
the smallest witness that suffices to learn the target representation. Note this implies the
learner will learn at most one representation per concept, namely the simplest one. But the
main issue is that if the teacher does not know that r1and roare equivalent, and r1is simpler
than ro , then the teacher will be looking for a witness set for rothat distinguishes it from r1
, something the teacher will never find. In this work, we operationalize the simplicity func-
tion over representation set R by a natural size function s(7) defined in terms of the syntax in
which a representation » € R is expressed (see Sect. 2).

When teaching a target it is quite common to give the smallest observation that suffices
to learn it, and the learner could actually expect this from the teacher, and thus rule out
representations that could have been taught with a witness smaller than what was given.
Herein lies the simple idea behind the slight change to Eager into what we call the Greedy
algorithm. Now, after having taught a representation r using its witness w,. then rand w,.are
removed from consideration so that another witness w consistent with 7 can later be used to
teach another representation, some r’ which is the simplest one remaining that is consistent
with w. Note that we then may or may not have [r] = [r’]. For this to work we must assume
that the learner, when given a witness, will know the teacher behaves in the above way. See
Sect. 2 for the exact protocol formalizations.

We also compare with a mapping that we call Optimal, being equal to the graph-theoret-
ical optimum (minimizing the maximum number of labelled examples used by a witness)
under the minimal constraint that a representation must be taught by a consistent witness
and that two distinct representations must be taught by two distinct witnesses. Section 3
shows several theoretical results about the strengths of Eager, Greedy and Optimal. In par-
ticular, on concepts taught by both Eager and Greedy, the latter never uses a larger witness,
and often a smaller witness. However, Theorem 3 shows that for any concept class, add-
ing redundant representations with small spread in the order, can level out the difference
between Eager and Greedy.

Moreover, there are situations where the max size witness used by Greedy is much larger
than the Optimal. In arguing for a lower bound on the performance of Greedy we arrived, in
an earlier arxiv version of the current paper (Ferri et al., 2024), at a conjecture about when
the performance of Greedy was the worst possible, and this conjecture was confirmed by
Sunde et al. (2024). In a further study, the parameter GMN(C) (Greedy Matching Number of
a 0—1 matrix C, where we can view C as the biadjacency matrix of the bipartite consistency
graph) was defined and studied by Simon and Telle (2025). This is the largest possible value
max.cc |T'(c)| of a teacher mapping 7T returned by the Greedy algorithm, over all possible
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witness orderings. The interested reader is referred to Simon and Telle (2025) for an in-
depth study of several related combinatorial parameters.

In Sect. 4 we report on experiments with Eager, Greedy and Optimal, on several repre-
sentation languages with various kinds of redundancy.

The main finding is that while Greedy uses more witness sets to teach all representations,
it uses them more effectively to teach more concepts than Eager, oftentimes also teaching
commonly taught concepts by a smaller witness. The experiments were further chosen to
answer this question: What characterizes a language where Greedy teaches many common
concepts by a smaller witness than Eager? We show that this is not directly related to the
amount of redundancy, but rather to the spread of the redundant representations in the order
(see Fig. 3). Also, for P3 programs, the witness sets used by Greedy are often smaller than
the programs they identify (see Fig. 4). A similar behavior on fewer programs was noted for
Eager by Telle et al. (2019).

Eager and Greedy are two extremes (one teaching a single representation per concept, the
other attempting to teach all representations) in a spectrum of approaches that can shed light
to important phenomena such as the effect of redundancy in inductive search, the actual bias
in size-related priors and the relevance of syntax over semantics in explanations. There are
many practical situations where representations rather than concepts matters. For instance,
the Promptbreeder from GoogleMind (Fernando et al., 2023) that generates various prompts
(representations) to get the same answer (concept), or the use of Codex in teaching (Finnie-
Ansley et al., 2022) which produces various programs (representations) having the same
behaviour (concept). Having said that, our main contribution is not practical, it is rather the
insight about highlighting the distinction between teaching concepts and teaching represen-
tations, and showing theoretically and experimentally how small the witness sets can be,
given the existing redundancy.

2 Machine teaching definitions

Various models of machine teaching have been proposed, e.g., the classical teaching dimen-
sion model (Goldman & Kearns, 1995), the optimal teacher (Balbach, 2008), recursive
teaching (Zilles et al., 2011), preference-based teaching (Gao et al., 2017), or no-clash
teaching (Fallat et al., 2023). These models differ mainly in the restrictions they impose
on the learner and the teacher to avoid collusion. The common goal is to keep the teaching
dimension, i.e., the size of the largest witness, max.c¢ |T(c)|, as small as possible.

In all these models, C is a set of concepts, with each ¢ € C' a subset of a domain X of
examples. We now allow more than one representation for the same concept, thus with a
set R of representations constituting a multiset of the concepts C. The teacher 7': R — W
is now a partial injective mapping from representation » € R to a set of labelled examples
w € W (we will assume W C 2X*10:1} 5o that w is a finite set of negatively or positively
labelled examples from X) and the learner L : W — R is a partial mapping in the oppo-
site direction. Note that # can be restricted in various ways, e.g., in some experiments of
Sect. 4.2 each element of /¥ has at most 5 examples and these are always positively labelled.
As usual in MT and ML, it is assumed that teacher and learner share the consistency graph
Gr on vertex set R U W with a representation » € R adjacent to a witness w € W (and
thus rw € E(GRr) an edge) if r and w are consistent, i.e., with positive (resp. negative)
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examples in w being members (resp. non-members) of 7. Naturally, » must be consistent
with 7(r) and L(w) must be consistent with w, and a successful teacher-learner pair must
have L(7T'(r1)) = ro such that [r1] = [r2]. In what follows, we assume L and T use the same
representation language and we impose that L(7T(r)) = r.

From a graph theoretical point of view, the teacher and learner mappings are matchings
in G i between representations and sets of labelled examples. Two vertices are called twins
if they have the same set of neighbours. Usually there is a bijection between the equivalence
classes of twins of R in G g, that we denote by R/W, and the set of concepts C. However, if
the witness set W is too sparse then two representations forming distinct concepts may be
consistent with the exact same subset of 7 and in that case R/W will be a coarsening of C.

We will be comparing two models for teaching representations, that we call Eager and
Greedy. Both assume some natural size functions on representations R and on witnesses
W, and use these to arrive at two total orderings <r on R and <y on W. When the rep-
resentations in R are expressed in some description language, which can be English or a
programming language or some set of mathematical formulas, then a representation is a
finite string of symbols drawn from some fixed alphabet. We assume a total order on this
alphabet which is used to derive a lexicographic order on strings over this alphabet, with
shorter strings always smaller, also called shortlex. Analogously, we can define a total order-
ing on witnesses.

The input to these algorithms is then an ordered consistency graph denoted by the
3-tuple (GRr, <R, <w ). We say that a vertex (or representation/witness) appears earlier than
another, or that it is simpler than another, if it appears earlier in these orderings. In the Eager
model we have L(w) = r for r being the earliest representation (in the order <) consistent
with w. The teacher, knowing that the learner behaves in this way, will construct the map-
ping T': R — W iteratively as follows:

Eager: go through all of W in the order of <y, and for a given w find the earliest r € R
with rw € E(GR), and if 7(r) is not yet defined then set 7'(r) = w

Telle et al. (2019) use the Eager model to teach programs in the Turing-complete lan-
guage P3, by witnesses containing specified I/O-pairs. Many P3 programs have equivalent
I/O-specifications, and we can observe that in the Eager model only the earliest representa-
tion (program) of any concept (I/O-specification) is taught. In order to teach all representa-
tions we introduce the Greedy model, where we make a slight change to the way the teacher
constructs its mapping, as follows:

Greedy: go through all of /¥ in the order of <y, and for a given w find the earliestr € R
with rw € F(GR) such that T(r) is not yet defined, and if such r exists then set T'(r) = w

Also the learner must slightly change its protocol in the Greedy model, by removing a
representation » from further consideration once it has been taught. In other words, given
witness w search for the earliest consistent representation that has not yet been taught, call
this 7 and set L(w) = r. Teaching and Learning in the Greedy model is thus done following
an order on witnesses, similar to what happens in the Recursive teaching model of Zilles
et al. (2011) (teach sequentially and remove concepts that have already been taught), and
using also an order on the representations, similar to what is done in the Preference-Based
teaching model of Gao et al. (2017) (return the most preferred remaining concept consistent
with a given witness).

In classical machine teaching, the goal is to minimize the teaching dimension of a con-
cept class, i.e. to find a legal teacher mapping 7" : C' — W where the maximum of |7{(c)|
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over all ¢ € C' is minimized. When there is a total mapping 7' : R — W we can do the
same for teaching representations, except we use size(7(c)) rather than cardinality, as in
Optimal-1 defined below. However, a total mapping 7" : R — W may not exist, and in that
case we define an alternative measure called Optimal-2 (see below) being the maximum
number of representations covered when constrained to partial teacher mappings that cover
the maximum number of concepts. We thus define Optimal in two flavors. Note that we do
not intend this as a bona fide teacher/learner protocol, rather it is used to compare how far
the Eager and Greedy teaching strategies are from the optimal achievable. Nevertheless,
there will be some ‘optimal’ ordering of the witnesses, such that if the Greedy teacher fol-
lows this ordering then it would result in the Optimal mapping. Assuming Optimal returns
a mapping 7,,; : R — W and we have a total ordering < on R, then the ordering of W'
given by: w earlier than w’ if and only if TO;% (w) is earlier than TO;% (w’) in <p, is such an
’optimal’ ordering.

Optimal-1 1s the minimum max size witness over all teacher mappings, with the sole
restriction that the teacher mapping is injective and assigns a consistent witness to every
representation. This value can be computed in polynomial time by a binary search for the
smallest £ s.t. the induced subgraph G’f% of G'r, on R and all witnesses of size at most &, has
a matching saturating R i.e. containing all of R. See (Simon & Telle, 2024, Theorem 38),
where this parameter is called SMN (Saturating Matching Number), for a faster algorithm.

As Optimal-1 is undefined when G i has no matching saturating R, we define Optimal-2
as the maximum number of representations covered by any matching that maximizes the
number of concepts covered. It is not clear that this number is computable in polynomial
time, but for most graphs in the experimental section we could compute it.

3 Formal comparisons
We show several results comparing the performance of the three algorithms Eager, Greedy
and Optimal, starting with Fig. 1 giving the simplest possible consistency graph where

Eager, Greedy and Optimal-1 behave differently. Let us explain Fig, 1. Since ws, w3 are
adjacent to r; that is taught using w;, Eager will not use them. Greedy will use wy but

o0ps

2
®
ojeYole
elolefole

HOOOOG
(=) (2)

N~
NI
NN 5
NN \
AN

0161616

Eager Greedy Optimal-1

Fig. 1 Simplest possible ordered consistency graph (<g and <y given by the indices; witness w; has
size i) showing that Eager, Greedy and Optimal-1 can require different max teaching sizes (witnesses of
size 6, 5 and 4 respectively)
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not ws as it is only consistent with r1, 75 that have already been taught using wi, ws.
Optimal-1 is not constrained to follow the given orderings, and finds a teacher mapping
where the least simple witness has index as low as 4. Note that if Greedy uses the ordering
wy < ws < wy < ws then it finds this Optimal-1 ordering. This raises the question of how
far from optimal the Greedy teacher mapping can be, motivating the study of the GMN
(Greedy Matching Number) in Simon and Telle (2025).

The teacher mapping 7' : R — W for Greedy, as defined in the previous section, is com-
puted by an iterative procedure whose outer loop follows the witness ordering, and with
an inner loop following representation ordering. Let us call it Ty : R — W. Consider the
alternative Ty : R — W which switches the role of these two orderings: go through R in
the order of <, and for a given representation r find the earliest w € W with rw € E(GR)
such that T (w) is not yet defined, then set Tx(r) = w and continue with the next repre-
sentation (if no such w exists then drop this ).

Theorem 1 The teacher mappings returned by Greedy following <y and the alternative
following < are the same.

Proof We prove, by induction on <y, the statement (*): “for any w € W if Ty (r) = w
then also Tr(r) = w.” Let wy be the earliest witness. We have Ty (') = wy and when
assigning Tr clearly w; is the earliest neighbor of ' with T Y(wy) undefined so that
Tr(r") = wy. For the inductive step, we assume the statement (*) for all witnesses earlier
than w, and assume that Ty (1) = w. By the inductive assumption (*) we know that no
witness earlier than w will by Tr be assigned to . This means that when assigning Tz (r)
then w is the earliest neighbor of » with T’ ! (w) undefined, and thus we have Tr(r) = w as
desired. 0J

Since the Greedy teaching is only a slight change to the Eager teaching, it is easy to see
that for any r € R, if Eager assigns Tg(r) = wg then Greedy will also assign some
T (r) = wg, and in the order <y we could have wg earlier than wg, but not the other
way around.

Theorem 2 On representations/concepts taught by Eager, Greedy will never use a larger
witness.

Proof This since Tg(r) = wg implies that r is the earliest representation consistent with
wg, so when the Greedy teacher mapping is computed then at reaching wg the first repre-
sentation tried is r, and if Tz () has already been defined it will be for an earlier and thus no
larger witness. 0J

We show that for any concept class we can add redundant copies of representations consecu-
tive in < to make Eager and Greedy perform almost identical.

Theorem 3 For any concept class R (i.e. each concept has a unique representation) on wit-

ness set W and orders <, <y, we can add less than a total of |I7] copies of representations
to get R’, and make <p/ an extension of < with all copies consecutive, such that Eager
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teaches the same on (G, <g, <w ) as on (G g/, </, <w ) and using the same witnesses as
Greedy on (Gg/, <p/, <w ) on all common concepts.

Proof Consider the ordered consistency graph (G r, <gr, <w ) and for each representation
r € R compute f, =|{w € W:rw e E(Ggr) A (r'w € E(Gg) = r <r 1')}|, ie. the
number of witnesses for which r is the earliest neighbor. Let R’ be the representation class
corresponding to the ordered consistency graph (G r/, <gr/, <w ) where for each r € R we
add f, — 1 copies of r and extend the order <r to <r/ by putting all the copies consecu-
tively right after r, so there are f,. consecutive copies total of ». Note that, as the sum of
fr over all » € R is |W] (each witness has a single earliest ) we add less than || new
representations.

For each w € W define r, to be the earliest neighbor of w in G i and let 7/, be the earli-
est neighbor in G'r/. For simplicity, when we say G'r, G r we mean the ordered consistency
graphs. We prove the following loop invariant on any witness w € W by induction over
~w: “knowing r,, has f,  witnesses for which it is the earliest, let w be the kth such wit-
ness. Both on G and Gr/, if £ = 1 then Eager will assign 7, to w, and if £ > 1 Eager will
not use w. Greedy on G'r/ will assign 7 to w for » being the kth copy of 7, in the </ order.”
The loop invariant is trivially true for the first witness. For the inductive step, we know 7,
is the earliest neighbor of w and that w shares this property with f, witnesses. If w is the
first of these witnesses, then it is clear that both Eager and Greedy will assign 7, to w, as
the loop invariant tells us no earlier witness has been assigned to 7. If w is the kth copy of
ry for k > 2 then Eager will not use w, neither on G g nor G'r/, while for Greedy on G i’ as
there are at least k copies of r, all in consecutive order then Greedy will assign w to the kth
copy as it must be available by the loop invariant. We have thus proven the loop invariant,
and this implies the statement of the Theorem as it encompasses all representations taught
by both algorithms. OJ
Greedy can be worse than Optimal, when size is cardinality. In Fig. 2, there are 4 concepts
o, C1, C2, c3 and 2 ground elements 1, x2. Witnesses consist of labelled examples and size
is just cardinality (the number of examples in a witness). There are thus 4 witnesses of size
1, and the optimal mapping given by the blue dotted lines uses these 4, but Greedy assigns
the red mapping, which uses a witness of cardinality two.

3.1 Optimal-1 can be more than the trivial bound, for size being cardinality

In this subsection we assume the size of a witness is its cardinality (number of examples),
as in teaching dimension.

Note that for set of representations R and ground domain X, defining
trivpes(R) (the ’trivial’ bound for positively labelled examples) to be the smallest value

k such that Z,’;:O ( ’)zﬂ > > |R| then for witnesses on positively labelled examples Opti-

mal-1 must use a witness of cardinality (size) trivp,s(R), since the sum is the number of
witnesses on positively labelled examples of cardinality up to trivp.s (R), and we need that
many witnesses to cover R.! However, there are concept classes where we need more, e.g.
take X = {1,2,3,4} and R = {0,1,2,3,4,12,14,24,124}. Note |R| =9, | X| =4 and

'In Simon and Telle (2025) the parameter trivpos (R) is given the name GMN’
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Fig.2 Comparison of Greedy versus Optimal,
when size is cardinality

thus ¢rivy.s(R) = 2. In the bipartite consistency graph limited to witnesses of cardinality
at most 2 we have 9 vertices on the R-side and we have 11 vertices on the other side cor-
responding to all subsets of X of size at most 2, but 3 of these latter vertices, corresponding
to {13, 23, 34}, have no neighbors in R and thus since 11 — 3 < 9 no matching saturating
R can exist.

Similarly, for witnesses on labelled examples, define triv;q,(R) (the trivial bound for

labelled examples) to be the smallest value & such that Zf:o ( |‘§| ) * 28 > | R|. We show

a case where Optimal-1 must use a witness of cardinality (size) larger than trivi.,(R).
Assume a set of concepts R and ground elements X = {a,b,¢,d, e, f,g}. Let r1 = {a, b}
and let ro = {b, c}. Now, from the subset {d, e, f, g} select 13 unique subsets, and let these
be {rs,r4,...,715}. By letting R = {r1, 72, ..., 715} we have triv,;(R) = 1. However, the
only representations consistent with the witness sets, of cardinality one, on the positive
examples (a, 1), (b, 1), (¢, 1) are r; and ro. Hence at most two of these three witness sets
can be used to teach a representation. With 15 representations, and 15 witness sets of size
< 1, and at least one unused witness set, we know we will have to use a witness set of car-
dinality > 2.

3.2 Greedy can be arbitrarily worse than Optimal-1

We now know that Eager can never be better than Greedy, and that Optimal-1 sometimes
leaves small witnesses unused. In the experimental section, we will see that Greedy is often
close to Optimal-1 , but we now show that there are also cases where Greedy is far worse
than Optimal-1 , in that the mapping it finds will use a witness of larger maximum size.
The most restricted case is when the size of a witness is equal to its cardinality, i.e. equal
to the number of examples it contains, so-called teaching dimension, and even then Greedy
can do worse than Optimal-1 , as in Fig. 2. In this restricted case we are not able to show that
it can do worse by an arbitrary amount, and must leave this as an open question. However,
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for some less restricted size functions, when we allow the size of ground elements to vary,
we can show the following.

Theorem 4 When there is a bound on the number of witnesses of any size, then for any ¢,
there exists a size ordered consistency graph where Greedy uses a witness of size G, While
Optimal-1 will not use a witness of size larger than O,,,4, and where G4 — Omaz > T

Proof We prove it by construction, for a graph where we have only one representation for
each concept. Assume there are at most g witnesses of any size. Let concept ordering be
c1,C2, ...Ck, and let witness ordering be w1, wa, w3, ... Wqt 4k, ... with s(w;) < s(w;41), for
all i. Let c¢; be consistent with w; and w2, and let co be consistent with w; and w4y (but
not consistent with any witness in between, which could happen if e.g. there are that many
ground elements) and let ¢; for 3 < 7 < k be consistent with w;, w41, ..., Wqr+4i. The Opti-
mal matching will assign ¢; to we and ¢z to wy and ¢; to w; for any 3 < ¢ < k, thus using
max size witness with index k. Greedy will assign almost the same matching except it starts
with ¢; to wy and then ¢y to wqe since this is the only one available, thus using max
size witness with index ¢t + k. As we have at most ¢ witnesses of each size we will have
s(wqt+k) — s(wg) > t, and we are done with the proof. O

4 Experiments

In this section we observe quantitatively how each teaching protocol behaves in a variety
of languages with various types of redundancy. We consider 6 distinct languages, whose
characteristics are summarized in Table 1. These range from boolean expressions in 3-DNF
with no redundancy, to cases of 3-Term DNF with varying redundancy, and two examples
over the universal language P3.

Let us first describe how we measure redundancy, and then the languages. To estimate
how redundant a language is, we define Redundancy as 1 — Uniqueness, where Unique-
ness is computed as the average for all concepts of 1/|R.|, with R, the set of all equivalent
representations for concept c. Formally:

Table 1 Domain features: ‘Witness’ is the constraint about the size of each witness set

Domain |R| |C] Witness 174 Redundancy Re-
dund.
Spread
3-DNF 256 256 lw] <5 3488 0 15.13
3-Term DNF 2952 246 lw| <5 3488  0.727 13.28
3-Term DNF with permutations 79,158 246 |lw| <5 3488  0.9896 11.41
lw|=5 1792 0.9896 7.04
3-Term DNF with permutations and 158,316 246 |lw| <5 3488  0.9948 10.42
duplicates
P3 1.9%10° ? s(w) <6 6548 2 9
Small-P3 1267 106*  s(w) <4 260 0.331 2.97

For P3 we do not know G i nor C. (¥*For small-P3 we do not know |C|, so we show |R/W|.)
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1 1
Redundancy =1 — — Z . (1)

We now define a measure called Redundancy Spread that will better evaluate the effect of
redundancy. Note Theorem 3 suggests that Eager performs well compared to Greedy when,
for each witness w, in the set R!, of the i earliest representations consistent with w there are
few different concepts in R’ . Assuming the <y ordering is wy, wa, ... we therefore define
Redundancy Spread as the average number of different concepts in Rfﬁ We use Rfﬂ for w;
because at most i values of 7' : R — W have been defined when Greedy or Eager consider
w;. Formally, if for each witness w; we let r{v be the j-th representation consistent with w;,
and recalling that [7] is the concept equivalence class  belongs to, the definition of Redun-
dancy Spread becomes:

1 ;
Redundancy Spread = — {Ird, ]:5€l...i}].

4.1 Boolean expressions

We experiment with Boolean expressions, since in this domain it is possible to decide
whether two representations belong to the same equivalence class, i.e., correspond to the
same concept. Furthermore, in this language, we are able to measure the degree of redun-
dancy present in the set of representations. In all our experiments, we consider the ordered
alphabet of 3 Boolean variables {a, b, c} and every representation in R is expressed in DNF
(Disjunctive Normal Form), i.e. OR of AND-terms. Every variable occurs at most once in
a term, possibly preceded by the negation operator —. For example, (a A b A —¢) is a valid
ground term.

Let us first describe the witnesses, which are similar across all experiments. Each exam-
ple is a pair consisting of a binary string of length three (the input) and a bit (the output),
such as (001, 1) indicating that when @ = 0,b = 0, c = 1 the value of the function should
be 1. There are thus 16 witnesses of cardinality one, and 16 % 14/2 = 112 witnesses of car-
dinality two, as we do not allow for self-incongruent witnesses and the order of examples is
irrelevant. For these experiments we use witnesses of cardinality up to 5, and only positive
examples, which implies |W| = 3448.

~yw: The witnesses in the collection W are ordered by their increasing teaching size. The
size function s : W — N is defined for a witness w as the number of examples in w times 4
(the number of bits) plus the number of 1 s in the inputs of the examples. This scheme may
be useful for a situation with many variables, where it could be more efficient to just identify
the position of the 1 s in a long binary string.

In the first experiment, 3-DNF, we build a scenario without redundancy. We consider all
256 Boolean functions on three variables as the set R = C, as follows. A Boolean function
¢ on a, b, c is uniquely defined by a truth table that gives the truth values for the 8 pos-
sible truth assignments to the three variables. For any assignment (v, vy, vc) to (a, b, ¢)
where ¢(vg,vp,v.) =1 we include the corresponding term in the representation r, of
¢ in R. For instance, if ¢ is logically equivalent to “a and 5” then this is represented as
re =(@ANbAc)V(aANbA-c).
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In our second experiment, 3-term DNF, we introduce redundancy in R, and do this in a
way that will shrink the concept space to have smaller cardinality |C| = 246. Every repre-
sentation is now a disjunction of up to 3 ground terms, and each term contains one, two or
three distinct variables, each possibly negated. For a single term we have six representations
of one variable, 12 = 6 * 4/2 representations of two variables, and 8 representations for
three variables, thus 26 in total. For two terms we have 26 * 25/2 = 325 representations,
and for three terms we have 26 x 25 % 24/3! = 2, 600. We also have a single representation
(False) with no terms, and thus |R| = 1 + 26 + 325 + 2,600 = 2, 952.

For the third experiment, 3-term DNF with permutations, we want to increase Redun-
dancy and decrease Redundancy Spread. The set of representations is similar to 3-term
DNF, but here we allow for any permutation of variables within each term. For example,
if (b A —c) € R, also (—c A b) € R. This drastically increases the cardinality of R, while
Redundancy also increases substantially and Redundancy Spread decreases. This third
experiment is carried out also against a smaller witness set, with witnesses of cardinality 5
only, to see the effects of a large decrease in Redundancy Spread.

Finally, the last Boolean experiment, 3-term DNF with permutations and duplicates,
is similar to the previous one, 3-term DNF with permutations, but here each representa-
tion occurs consecutively twice in the ordered collection R, for yet another variation of
redundancy.

< r: Representations in R are ordered by increasing size s(r) defined as the number of lit-
erals in 7 plus the number of negated variables plus the number of disjunction symbols; e.g.,
s((anbAc)V (aANbA —c)) = 8. Two representations of same size are further ordered by
the increasing number of terms, and by the (a, b, ¢, =, VV)-induced lexicographic order.

4.2 Universal language

We also analyze the new teaching frameworks for the Turing-complete language P3. P3 is a
simple string manipulation language inspired by P", introduced by Corrado Béhm ((B6hm,
1964)), the first GOTO-less imperative language proved Turing-complete, i.e., universal.
The most popular variant (Brainfuck) has 8 instructions in total. We employ another version
called P3, also universal and having just 7 instructions: <> + — [Jo. We consider P3-pro-
grams that take binary inputs and generate binary outputs. A representation is a P3 program,
such as the following one, which performs the left shift operation (e.g., on input 10010 we
get output 00101): > [0 >] < [<] > o. Regarding the semantics of P3, we refer to the work
by Telle et al. (2019).

A witness is a set of pairs of binary strings defining an input and an output, and we
use only positive examples. For example, the witness w = {(0100, 00), (001, ), (00, 00) } is
consistent with any program that on input 0100 outputs 00, on input 001 has no output and
on input 00 outputs 00.

~<w: We use a simple encoding of example sets (the number of bits) as the size function
s(w), and break ties in a deterministic way. The witness w above has size s(w) = 13.

~p: The lexicographic order on instructions <> + — [Jo defines the < length-lexico-
graphic P3 programs ordering.

We perform two experiments, called P3 and small-P3. In P3 we repeat the experiment
from Telle et al. (2019). Note that computing equivalence classes of programs is undecid-
able in general, and we cannot decide if a program enters an infinite loop. We limit the num-
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ber of timesteps for the computation of each program before breaking. In P3 experiment, the
set of representations/programs R is a potentially infinite set, but Eager and Greedy end up
never going beyond the 1.9 x 10 first programs. The witness set I contains all sets of size
at most 6. As we cannot compute the consistency graph and run any version of Optimal, we
conduct another experiment, small-P3.

In small-P3 we start with all self-congruent witnesses of size at most 4, and the first
10,000 programs in <. We filter out every witness without consistent program and every
program without consistent witness. A set of 1,267 programs is then R, and a set of 260 wit-
nesses is W. We compute the consistency graph G r and use R/W as the concept class, i.e.,
considering two programs equivalent if they are consistent with the exact same subset of V.

4.3 Experimental results

The main characteristics of the chosen languages is given in Table 1, while Table 2 shows
the performance of Eager, Greedy and Optimal in terms of the number of representations
taught, the number of concepts taught, the maximum size of a used witness, and the maxi-
mum index of a used witness. Additionally, Table 3 reports on the percentage of cases where
Greedy is able to teach concepts with simpler witnesses (lower max index and lower max
size) than those used by Eager, and Fig. 3 shows that Redundancy Spread to a large degree
explains this behaviour.?

Table 2 Results for the teaching frameworks across all domains

Domain Witness Algorithm Reprs. taught ~ Concepts Max. Max.
taught {sw)} {iw)}
3-DNF |lw] <5 Eager 219 219 30 3488
Greedy 256 256 16 328
Optimal-1 256 256 16 256
3-Term DNF |lw| <5 Eager 170 170 30 3466
Greedy 2895 246 30 3481
Optimal-1 2952 246 28 2952
3-Term DNF with  |w| <5 Eager 170 170 30 3466
permutations Greedy 3488 189 30 3488
Optimal-2 3488 246 30 3488
|lw| =5 Eager 170 170 30 1770
Greedy 1792 177 30 1792
Optimal-2 1792 246 30 1792
3-Term DNF with  |w| < 5 Eager 170 170 30 3466
permutations and Greedy 3488 178 30 3488
duplicates Optimal-2 3488 246 30 3488
P3 s(w) <6 Eager 2032 2032 6 6512
Greedy 6548 ? 6 6548
small-P3 s(w) <4 Eager 53 53 4 202
Greedy 225 65 4 260
Optimal-2 > 214* 106 4 260

s(w) is the size of a witness w; i(w) is the index of witness w in the order <y . (¥*For small-P3, ‘Reprs.
taught’ by Optimal-2 is only a lower bound.)

2The materials to reproduce the experimental results are stored in a downloadable directory shared at https:/
/bit.ly/MLJournal-MTOfReprs-Supplementary .
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Table 3 Greedy beat@ng Eager: Domain Witness % Witness % Wit-
common concepts with earlier Index Lower  ness
(lower max index) and simpler Size
(smaller size) witness Smaller
3-DNF |lw| <5 94.98 94.06
3-term DNF lw] <5 97.65 97.06
3-Term DNF with |lw| <5 90.59 88.24
permutations lw| = 40.00 30.00
3-Term DNF w/ permuts.  |w| < 5 84.12 81.18
and duplicates
P3 s(w) <6 13.98 6.55
small-P3 s(w) < 4 24.53 18.87

Fig. 3 Relation between Redun-
dancy Spread and % Greedy
better than Eager in terms of 100 1 3'Ter21 ONF S DNr
using a witness of lower max 3-Term w/ Perms, |w|<=5 d
index. Data from Tables 1 and 3. g 3-Term w/ Perms and Duplicates
The red line is the best fit linear ® L
approximation < 801

=

g

S 60

>

O

(]

g

G

- 3-Term w/ Perms, |w|=5

S 40 A L

small<P3
[
20 T T T T T

4 6 8 10 12 14
Redundancy Spread

As Table 2 shows, for most of the Boolean experiments, Greedy manages to teach as
many representations as the amount of witness sets available. We can observe that Greedy
is always able to teach more concepts than Eager, a method specialized in teaching unique
concepts. Greedy teaches many more concepts and representations often by making use of
witnesses that are larger or later in the order. Yet, even in scenarios without redundancy,
such as 3-DNF, where Eager might be considered suitable, Greedy still teaches some more
concepts, with earlier and smaller witnesses. Greedy performs almost as good as Optimal-1
and Optimal-2 in terms of the number of representations taught and the largest size and
highest index of witnesses used. However, Optimal-2 (used rather than Optimal-1 whenever
not all of R can be covered) always covers a higher concept number than Greedy. Figure 3
shows the correlation between the percentage of cases where Greedy outperforms Eager in
terms of lower max index on used witness and the Redundancy Spread. It confirms Redun-
dancy Spread (that can be computed without running either Eager or Greedy) as a strong
metric for predicting that Greedy will outperform Eager.

Analyzing now the universal language domain, we see that Greedy allows to teach over
three times more (almost five for small-P3) programs than Eager. For P3 we do not have
the consistency graph and thus cannot compute any version of Optimal. Quite remarkably,
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Fig. 4 Eager (left) versus Greedy (right): Program length versus witness size, using Elias coding (Elias,
1975)
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Fig.5 Programlengthversus witness size of Greedy, using Elias codingiciteDBLP:journalsspstitspsElias75,
for the programs taught by both Eager and Greedy. Circles above the unit diagonal denote witness smaller
than program, with size of circle corresponding to the number of programs

in Fig. 4 we see that for P3 programs the witness sets of Greedy are usually smaller than
the programs they identify. A similar behavior for fewer programs was noted for Eager by
Telle et al. (2019). The number of programs taught by the Greedy algorithm is significantly
higher than Eager (6548 versus 2032). When we focus on the performance of Greedy on the
intersection of programs that are taught by both strategies (Fig. 5), we can better appreciate
how the Greedy algorithm is able to teach concepts using witness sets of smaller size.

For small-P3 we use R/W as a proxy for C and note that Optimal-2 is able to cover all
these 106 concepts, but seemingly at the price of fewer representations (214 versus 225
for Greedy). However, note that our implementation of Optimal-2 is actually only able to
optimize the number of concepts covered. For the further maximization of representations
that Optimal-2 requires we were not able to find a polynomial-time algorithm, and we must
leave it as an open problem whether this is NP-hard. On concepts common to Eager and
Greedy, the latter finds smaller witnesses on a relatively low percentage of the total for

@ Springer



20 Page 16 of 18 Machine Learning (2026) 115:20

Small-P3 (see Fig. 3) but even lower for P3. Since for P3 there is no consistency graph, we
cannot compute Redundancy Spread, but we hypothesize that the small values of 13.98%
(lower max index) and 6.55% (lower max size) where Greedy beats Eager, are due to an
even lower Redundancy Spread of its consistency graph.

5 Discussion

The notion of redundancy we explore is very old, dating back to numeral systems (e.g., II1I
and IV being two alternative representations of the number 4 in Roman numerals). Leibniz
was interested in prime decomposition as a tool for his characteristica universalis in which
the representations and concepts could have a bijective mapping. In numeration systems,
this 1s possible. Indeed, it was Bohm himself (the ‘father’ of P3) who proved that every natu-
ral number has a unique representation in bijective base-k (k > 1) (Bohm, 1964). However,
we also know that in many other languages, such as Turing-complete languages, this is not
possible. And even for some other formal languages for which the equivalence classes can
be calculated effectively, using a canonical representative for each concept would lead to
languages that are very cryptic, such as a numbering of an enumeration—a coding—of all
the equivalence classes. This is the first time, to our knowledge, that the problem of teaching
has been formally studied without assuming the bijection of representations and concepts,
or even assuming that teacher and learner can calculate the equivalence classes.

The more realistic view of teaching adopted in this paper modifies some key elements
of the traditional machine teaching setting and gives more relevance to the representation
language. Given the high predictiveness for some teaching indicators, the new metric of
redundancy spread, introduced in this paper, could be used to anticipate what language
representations are better than others for teaching and learning. The size of representations
becomes a natural way of imposing an order on them, which can be used in the teaching
protocols. Some of the protocols seen here, such as Greedy, are computationally expensive.
However, none of them requires the calculation of equivalence classes, which may also be
expensive—or undecidable. The key finding is that Greedy, a protocol designed to teach all
representations, ends up teaching more concepts than Eager, which aims at only teaching
concepts. Our results reveal a wide spectrum between these two protocols, and future work
could explore other teaching protocols for representations that are somewhat in between, or
have better theoretical or statistical properties.
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On a Combinatorial Problem Arising in Machine Teaching

Joakim Sunde! Brigt Hivardstun' Jan Kratochvil? Jan Arne Telle !

Abstract

We study a model of machine teaching where
the teacher mapping is constructed from a size
function on both concepts and examples. The
main question in machine teaching is the mini-
mum number of examples needed for any concept,
the so-called teaching dimension. A recent paper
(Ferri et al., 2024) conjectured that a worst case
for this model, as a function of the size of the con-
cept class, occurs when the consistency matrix
contains the binary representations of numbers
from zero and up. In this paper we prove their
conjecture. The result can be seen as a generaliza-
tion of a theorem resolving the edge isoperimetry
problem for hypercubes (Hart, 1976). Our proof is
based on a generalization of a lemma of (Graham,
1970).

1. Introduction

In formal models of machine learning (Valiant, 1984) we
have a concept class C of possible hypotheses, an unknown
target concept ¢* € C' and training data given by correctly
labelled random examples. The concept class C' is given
by a binary matrix M whose rows are concepts and whose
column set is the domain of examples X, with M (¢, z) =
1 if ¢ is consistent with z labelled positively, i.e. with
(z, 1) rather than with (z, 0). In formal models of machine
teaching a set of labelled examples w called a witness is
instead carefully chosen by a teacher 7', i.e. T'(c*) = w, so
the learner can reconstruct ¢*. The common goal is to keep
the reaching dimension, i.e., the cardinality of the witness
set, max.cc |T'(c)|, as small as possible. In recent years,
the field of machine teaching has seen various applications
in fields like pedagogy (Shafto et al., 2014), trustworthy
Al (Zhu et al., 2018), reinforcement learning (Zhang et al.,
2021), active learning (Wang et al., 2021) and explainable
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Al (Yang et al., 2021).

Various models of machine teaching have been proposed,
e.g. the classical teaching dimension model (Goldman &
Kearns, 1995), the optimal teacher model (Balbach, 2008),
recursive teaching (Zilles et al., 2011), preference-based
teaching (Gao et al., 2017), no-clash teaching (Fallat et al.,
2023), and probabilistic teaching (Ferri et al., 2022). In
(Telle et al., 2019) a model focusing on teaching size is
introduced, and in (Ferri et al., 2024) an algorithm called
Greedy constructing the teacher mapping in this model is
given.

Greedy assumes two total orderings <o on C and <x on
X, with < x extended to <y on subsets of labelled exam-
ples W = 2Xx{0.1} by shortlex ordering. In the Greedy
algorithm the teacher defines its mapping iteratively: go
through W in the order of <y, and for a given witness
w = {(z1,b1)...(x4, by)}, find the earliest (in < order)
¢ € C consistent with w (i.e. with M(c,z;) = b; for all
1 < i < g) such that T'(c) is not yet defined, then set
T'(c) = w and continue with next witness (or drop this w if
no such c exists).

To compare the teaching dimension achievable by Greedy
to that of other models, the authors of (Ferri et al., 2024)
argued as follows when a large witness is used: If Greedy
assigns T'(¢) = w for some w = {(x1,b1)...(xq, bg) }. then
we may ask why was ¢ not assigned to a smaller witness?
Assuming there are | X| = n examples, any subset Q C X
of size g—1 when labelled consistent with ¢ has already been
tried by Greedy, and hence some other concept must already
have been assigned to any such ), and all these concepts
are distinct. This means we must have taught ( fl) =k
other concepts already. But then we have already taught at
least k 4 1 concepts and we can again ask why were any of
these not taught by a smaller witness of size ¢ — 2? It must
be that any such witnesses (labelled to be consistent with
some concept among the k + 1 we already have) must have
been used to teach other, again distinct, concepts.

Note that, to verify how many distinct witnesses exist, cor-
responding to new concepts, that are labelled consistently
with one of these k + 1 concepts, one must sum up the
number of distinct rows when projecting on ¢ — 2 columns,
for all choices of these columns. Note that the number of
distinct rows, i.e., witnesses, and hence the number of con-
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cepts, when projecting on ¢ — 2 columns, for all choices
of these columns, depends on the matrix M one does the
projection on. The authors of (Ferri et al., 2024) wanted
to find the matrix M minimizing the sum of unique rows
after doing the projection, thus arriving at the following
combinatorial question. What is the binary matrix M on
k distinct rows and n columns that would give the small-
est sum when projecting on ¢ columns? They conjectured
that this was achieved by the matrix H,, j consisting of the
k rows corresponding to the binary representations of the
numbers between zero and k£ — 1, with leading Os to give
them length n. In this paper we prove this conjecture.

Consider the binary consistency graph G¢ on the set of
concepts versus the set W of subsets of labelled exam-
ples, with a concept ¢ adjacent to w € W if c is consis-
tent with each labelled example in w. We can view the
Greedy Matching algorithm as working on G¢. Note that
the above-mentioned sum for a matrix M when projecting
on g columns (called m4 (M) in the next section) is then the
number of W-vertices on g examples that have at least one
neighbor among the concepts. Since we prove that H,, j,
minimizes this value for all ¢, it means that it minimizes the
number of W -vertices having a neighbor in the consistency
graph, over all concept classes on k concepts over a domain
of size n. As the consistency graph is of importance in
machine teaching, this is an indication that our result has a
general relevance in that field.

When ¢ = n — 1 this minimization question is equivalent
to asking for the induced subgraph on k vertices of the hy-
percube of dimension n having the maximum number of
edges, for the following reason. The rows of the k by n
binary matrix M are viewed as k vertices of the hypercube
of dimension n, labelled in the standard way, with two ver-
tices adjacent iff their labels differ in exactly one coordinate.
When ¢ = n — 1 we have (nzl) = n choices for the pro-
jection on ¢ columns and each such projection leaves out
exactly one column (and a column corresponds to a dimen-
sion of the hypercube). Each such projection could give at
most k unique rows, so the maximum achievable sum of
unique projection rows is k times n. The main observation
when ¢ = n — 1 is the following: three or more rows cannot
have the same projection row, but two rows can, and two
rows of M give the same projection row (when leaving out
a column/dimension) if and only if the corresponding pair
of vertices are adjacent (across the dimension we left out),
and thus when ¢ = n — 1, the sum of unique projection
rows for M is k times n minus the number of edges induced
in the hypercube. Thus, a matrix minimizing the sum of
unique projection rows for ¢ = n — 1 will also maximize
the number of induced edges in the hypercube of dimension
n.

The question of finding the matrix achieving the maximum

mentioned above is called the edge isoperimetry problem
for the hypercube. This has been shown (Hart, 1976) to
be achieved by H,, 1, and the edge isoperimetry of the hy-
percube has been studied extensively in (Mcllroy, 1974;
Delange, 1975; Hart, 1976; Greene & Knuth, 1990; Agnars-
son, 2013) to name a few articles. The result we give in this
paper is thus a generalization of the edge isoperimetry prob-
lem on the hypercube, as we show that I, ;. is the solution
not only when ¢ = n — 1, but for all values of 1 < g < n.

The rest of our paper is organized as follows. In Section 2
we give the formal definition of the conjecture. In Section
3 we show that the conjecture would be settled if we could
prove a stronger theorem. Then in Section 4 we prove this
stronger theorem, using a generalization of an old result
from (Graham, 1970).

2. Statement of the main theorem

Let M be a k x n binary matrix whose all k£ rows are distinct.
Let M,, , be the set of all such matrices. For any binary
matrix A, let dif(A) denote the number of unique rows in
the matrix A. For @ C {1,2,...,n}, let M(Q) be the sub-
matrix of M € M,, , formed by taking the columns with
indices from (. Finally for integers a and b where a < b let
[a,b] = {a,a+ 1,...,b}. Our main interest is the number

my(M) =Y dif(M(Q))

Qe (")

which is the sum of the numbers of unique rows for each
submatrix of M created by picking a subset of the columns
of size ¢q. For fixed positive integers k,n and g, we are
interested in finding a matrix M € My, ,, with the minimum
value of mq(M). Let my(n, k) be this minimum value, i.e.,

mg(n, k) = min mg(M).

I\/IE/\/I",;C

We show that the k£ x n binary matrix H,, , whose rows are
the binary representations of all numbers between zero and
k — 1 achieves this minimum value of m(n, k).

Example 1.
0 0 0 O 0 0 0O
0 0 0 1 0 010
Hys=]0 0 1 0l=]0 1 00
0 011 0 0 01
01 0 0 0 0 1 1

with m (H4’5) =17, mg(H475) =16, mg(H4,5) = 15 and
m4(H475) = 5.

It will be useful for us to use the following recursive defini-
tion of H,, ;.. Note that the invariants we are interested in
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remain unchanged by permutations of rows or columns of
the matrices under consideration. In this sense we consider
all such matrices equivalent. Let 0 be the all O row vector
and let 07" be the all O column vector, and similarly for 1
and 17, Then

0 k=1

an = H’n—l (%‘l OT
' S k> 1.
<Hn17\_kj 1T

2

Let hq(n, k) = mq(Hp1). Our goal is thus to prove the
following theorem.

Theorem 2.1. For any positive integers q,n, k where ¢ < n
and k < 2™,
mq(n, k) = he(n, k).

Here is a diagram showing how we will prove Theorem 2.1.

\

Thm. 2.1

[Lcmma 4.1 )—{ Cor. 4.2

(Lemma 4.3 (Graham, 1970) } o Lemma 4.5 }—{ Lemma 4.7 )

3. A sufficient condition

The goal of this section is to prove that the following the-
orem (whose proof we leave to the next section) implies
Theorem 2.1.

Theorem 3.1. For any positive integers q,n, k where ¢ < n
and k < 2™,

min  hy(n,z) + he_1(n— 1,k — )
[E1<e<k-1

=y, T2 + By i (0= 1, 5]

which is just stating that the minimum value of the expres-
sion on the left occurs when z = [£].

Lemma 3.2. The h numbers satisfy the recurrence relation

=2

ol ) = hy(m, [51) + By a(n 1,5

and

fork > 1.

Proof. Let @ be a g-element subset of the column-index set
{1,2,...,n}. If n ¢ Q, then each of the bottom | £ | rows
of H,, 1,(Q) appears as a row among the (%] top ones, and
hence mgy(H, x({1,2,...,n —1})) = mq(Hn—L[%W) =
hg(n — 1,[%7). Since the value of the last column (the
n-th column) is 0 for the |£| rows and 1 for the rest we
have that if n € @, every row from the bottom | £ | rows
of H, (Q) differs from any row from the [£] top ones,
and so the sum over those () that contain n contributes
exactly mq—1(H, _y r5q)+mq1(H,_y x)) = hg1(n—

L [51) + hg—1(n— 1, %]). Thus

he(n, k)

= o1, T30 by (01,51 b2 (01,15,

This can be slightly simplified as follows. Note that
hg(n — 1,T5]) + hg—1(n — 1,[£]) is exactly the con-
tribution of the [%} top rows of Hy, i, to mg(Hp 1), i.e.,
mq((H,_1,15,0")) what equals mq((0"H,,_y (1)) =
mq(H,, [17) = hq(n, [%£7) and the claim follows. O

Lemma 3.3. For any positive integers q,n, k where ¢ < n
and k < 2™,

mg(n,k) >  min
[£]<z<k-1

mg(n, ) +mg_1(n— 1,k —x)
Proof. Let A € M,, ;, be a matrix that minimizes m, over
M, i, 1€, it satisfies mg(A) = mg(n, k).

If £ =1, then every () € ([1;1"]) contributes 1 to the sum
Yo dif(M(Q)), and hence my(A) = (7).

q
Let £ > 1. Suppose w.l.o.g. that the last column contains
both 0’s and 1’s and that the number of 1’s does not exceed
the number of 0’s. Let y be the number of 0’s in it, and
assume that the 0’s are in rows 1, ...,y and the 1’s in rows
y+1,... .k withy >k —y,ie,y > [E]. Let T be the
submatrix of A determined by rows 1, ...,y and columns
1...,n—1, and let B be the submatrix determined by rows
y+1,...,kand columns 1,...,n —1,ie.,

T 0"
A= < o )
We further denote by T* = (T 07') the submatrix of A

formed by its top y rows.

We first observe that

> dif(AQ) >

ac (i) ng @)
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since in this case we do not include the n-th col-

umn in (). Because the n-th column is not included,

we observe that any unique row projection counted by

ZQG(“’"*”) dif(T'(Q)) will be a subset of the unique row
q

projections counted by ZQE( JngQ dif(A(Q)).

We also see that
dif(7(Q"))
(2)

Y odarA@) = Y

Qe(")meq @e("5Y)

+ ) dif(BQ))
@e("ysY)

since when n € (), each row leading to a unique projection
in A, the entire row, except that last column, was in 7" or in
B. As we know that each projection of rows in B will differ
from rows in 7" in at least the n-th column, we can count
up the number of unique projections in 7" and B separately,
using @’ of size (¢ — 1) as we will increase the size by 1
when we add back n.

We see that mq(T™*) > mg_1(n—1, k—y) since for a given
T for n columns and y rows, the m,, value will be greater
or equal to the minimum value over all matrices of size
(n,y). We also see that my_1(B) > mg_1(n — 1,k — y)
using the same idea. Given a matrix B of size (n— 1,k —vy),
the m, value of this matrix will be larger or equal to the
minimum value over all matrices of size (n — 1,k — y).
Combining these we get the inequality

mg(T™) +mg-1(B) >

3)
mqfl(n - 1>k7 - y) +mQ*1(n - 17k - y)
Finally we need the inequality
mg(n,y) +mga(n—1,k—y) >
min =~ mg(n,z) + my_1(n — 1,k —x). )

[E)<e<k—1

To show the soundness of this inequality we observe that
when z = [£] we have 2 < y, as z = [£] < y. We
also have y < k — 1, as we assume that the last column
has both 0’s and 1’'s. When x = k£ — 1, we have y < z,
as we do the minimization over all possible values of x
in this range, we know that we are evaluating z = y as
well. Hence the minimum will be equal to or less than

mg(n,y) + mg_1(n — 1,k —y).

Using these four relations we can now finish the proof.

mg(A) =

SooodifA@)+ Y

QE([I(’IR]):nQQ QE([lzzn]):nEQ

dif(A(Q)) =

(by combining (1) and (2))

> 3 dT@Q)+ Y. dif(T(Q)
Qe("n) @e("y5)
+ ) dif(B(Q)) =
Qe(tmaM
_ dfT@)+ Y. dif(T7(Q))
Qe(t ) Qe(M;M).neQ
+ ) dif(B(Q)) =
eyt
= mg(T*) + my_1(B) >
(by (3))
>mg(n,y) + mg—1(n — 1,k —y) >
(and by (4))
>  min  mg(n,z)+mg_1(n—1,k —x).

T [E1<a<k-1

Lemma 3.4. Theorem 3.1 implies Theorem 2.1

Proof. Certainly mq(n, k) < hq(n, k), we prove the other
inequality by induction on k. The base case & = 1 follows
from mg(n,1) = hy(n,1) = (}).

Suppose k£ > 1. Lemmas 3.2 and 3.3 imply that

mg(n,k) > min
[£]<z<k-1

mg(n,z)+mg_1(n—1,k—x) >
(by the induction hypothesis)

> min

Z i he(n )t hga(n =1k =) =
2 ISTSR—

(by Theorem 3.1)

= hy(n, %D +hg—1(n -1, LSJ) =

(by Lemma 3.2)
= hq(n, k).
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4. Proving Theorem 3.1

In this section we will prove Theorem 3.1 by showing that
hg(n, ) "increases” at least as fast as hq_1(n — 1,k — x)
“decreases” when x starts at [ %] and increases until k — 1.
To be more precise, we will show that

o, [214 ) = by, T2)

> hg-1(n—1, LSJ) —hg—1(n—1, Lg

)
J=3)

for any 7 > 1 such that (g] + j < k — 1. Since the above
inequality is equivalent to

ol [51+.9) + hyan =1, 1] — )
> gl [51) + By i (0= 1, 1£))

it follows straightforwardly that the minimum value of
hg(n,x) + hg_1(n — 1,k —z) over z € [[£],k — 1] is
k

attained by 2 = [ 5 ].

We first need to understand the behavior of the hy(n, k)
numbers as k increases or decreases. Let |z| denote the
Hamming weight (number of 1’s) in the binary representa-
tion of integer x. We recall that the binomial coefficient (7)
by definition evaluates to 0 when £ < 0 or k£ > n. Similarly,
we define the boundary values of h,(n, k) for ¢ = 0 and
k =0as ho(n, k) =1 (for k > 0) and h4(n,0) = 0.

Lemma 4.1. For any integers x,q,n such that 0 < z <
2" —1and 0 < g < n, we have

n—|z|
hy(n,x+1) = hy(n,x +< >7

and for integers x,q,n such that 1 < x < 2" land 1 <
q < n, we have

n—1—|z—1|
tn—1,2-1) = hy_1(n—1,2)— :
hg-1(n—1,2—1) = hg_1(n—1,z) (q—l— |m—1|>

Proof. We prove the first formula, the second one then fol-
lows directly by applying the first one for x — 1,¢ — 1 and
n— 1.

For the boundary values of ¢ and z, we have ho(n,1) =
1=0+41=ho(n,0)+ (5), ho(n,z+1)=1=140=
ho(n, ) + ("3121) for # > 1, and he(n,1) = (") =

—|z| q
0+ (Z) = hy(n,0) + (27‘\8#)_
For the notrivial cases, suppose that g > 1 and x > 1. The
only difference between H,, ,, and H,, ;11 is that H), ;41
has one extra row, which is the binary representation of x
with zeroes padded to the left if needed. Let .S be the set of
column indices where the last row of H,, ;11 hasa 1.

We first observe that dif(H, ,(Q)) = dif(H, »+1(Q))

whenever S Z @ C {1,2,...,n}. To see this let i € S\Q
and y be the number with binary representation having the
same entry as z in the positions belonging to ) and 0’s
in all other positions. Then y < x and H,, , contains a
row which is the binary representation of y. Since this
row of H,  is equal to the last row of H,, »4+1 when only
looking at the columns with indices in @, dif(H, »(Q)) =
dif(Hn,x+1 (@)).
Then we see that dif(H, »4+1(Q)) = dif(H, .(Q)) + 1
whenever S C (. This is because there is no row in H, ,
where all the columns with indices in S are equal to 1, since
the number of this row would be greater or equal to z.
So we are left with counting how many subsets () of
{1,...,n} satisfy S C Q and |Q| = ¢. This is exactly
(;ED:(?EU

O

Corollary 4.2. For any integers q,n, x, j such that 0 < q <
n 0<x 1< jandx+j < 2" we have

r+j—1 n— |Z|
o+ )=o)+ 3 (1710,
i=x 7= |Z‘
Moreover, whenever 1 < ¢ <nand1<j <z <2"! we
have

z—1

. n—1—1
R RIS RO ED D (i)

i=r—]

and whenever 1 < g <nand1<j<x—1<2""1 we
have

hqfl(n_ 17$_j_ 1)

r—2 .
n—1—1\:
=hg_1(n—1,x—1)— E (q—l—lz‘l)'

i=z—j—1

Proof. The first two formulae follow from Lemma 4.1 by
induction on j, the third formula follows from the second
by substituting « — 1 for z. O

In view of this corollary, the inequality (5) is equivalent to
the claim that our goal is to prove that
(n —-1- z|>
q—1—|i

holds true for all feasible ¢, n, k and j.

-1

i=15]—j

We first show some useful properties of Hamming weights
which extend the following lemma from (Graham, 1970)
whose proof was finalized in (Jones & Torrence, 1999).
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Lemma 4.3. ((Graham, 1970; Jones & Torrence, 1999))

Let s,t be non-negative integers. Then there exists a bijec-
tive mapping 0 : [0,7] — [s, s + 7] such that |0(k)| > |k|
foreveryk € [0,r].

We will need a generalization of this lemma whose proof
depends on the following observation:

Observation 4.4. Let = > ¢ be non-negative integers. Then
|z —t| > [a] = [t].

Proof. This follows directly from the standard subtraction
algorithm for integers in binary representation. O

Lemma 4.5. Let s, r,t be non-negative integers such that
r,t>1lands>r+t—1 DenotebyT = [s,s +1 — 1]
and B = [s —r —t+ 1, s — t]|. Then there exists a bijective
mapping 0 : T — B such that |0(z)| > |z| — |¢| for all
rzel.

Proof. Our proof works by induction on r. When r = 1,
we have T' = {s} and B = {s — t}. The only possible
mapping 6 then simply maps s to s — ¢ and we see that
|0(s)| = |s — t| > |s| — || by Observation 4.4. Thus, the
base case » = 1 is established for all values of ¢ > 1.

Let » > 1. Create two matrices with r rows each

S+r—

s+ ] :
El s—r—t+
where 7 is the base 2 representation of x as a binary vector

with 0-s padded to the left so that all vectors have the same

length. Finally let M = (MT) .
Mp

s—1
s—t—i

My = and Mp =

Reformulating the lemma in this matrix context we seek
a bijective mapping 6 of the rows of My to the rows
of Mp such that |#(x)| > |z| — |¢| holds true for every
row x of Mr. (With a slight abuse of notation we write
0 : My — Mp.) The induction hypothesis states that this
holds true, for this value of ¢, if the number of rows of each
matrix is less than 7.

Without loss of generality we may assume that the first
(leftmost) column of M contains at least one O and
at least one 1 (since we could disregard this column
otherwise). Then if we look at the first column of M,
there will be a point where a 1 appears for the first time,
when moving through the rows from the bottom row up.
This could happen either in the My part or in the Mp
part of the matrix. We will deal with these 2 cases separately.

Case 1 (The first leftmost 1 appears in the My part of the
matrix) We divide both the M7 and M p matrices further

and write M as

Ty
T
By
B

where the bottom row of 73 is the row where the first
1 appears (thus that row is 100...0), with 75 being the
remainder of Mp, and we let By have the same number of
rows as 1. We will map 77 to By and 15 to Bs. Since T
and B, have fewer rows than r (since 77 and B; always
have at least one row) and are on the form specified by the
lemma since the smallest number in 75 are the same as in T’
and the largest number in Bs is the same as in B and we
simply deleted some of the largest/smallest numbers of T’
and B to create T» and By respectively so it will still be
an interval. It follows by the induction hypothesis applied
to Ty, By and r as the number of rows of 75, By that, for
the same value of ¢, there exists the required mapping
0, : T, — Bs. Note also that this is vacuously true if 75
and B, are empty. Now if we ignore the first column of
Ty, then T7({2, 3, ...}) is the binary representation of the
numbers 0,1,...,|T1| — 1. So by Lemma 4.3 there is a
mapping 65 : T1({2,3,...}) — Bj such that |63(z)| > |z|
for every x. Adding back the first column of 7} and
using the same mapping between the rows as 6, we get a
mapping 63 : Ty — By where |03(z)| > |z| — 1 for every
x (since the Hamming weight of z increases by 1). Clearly
|x| — 1 > |x| — |t| when ¢ > 1, hence combining 6, and 63
gives us a bijective mapping ¢ : 7' — B with the required
properties.

Case 2 (The first leftmost 1 appears in the Mp part) We
divide the matrix in a similar way as in the first case

T
Ty
By
B

M=

so that the bottom row of By is the row where the first
1 appears in the leftmost column (so this row is 100...0)
and we let 75 have the same number of rows as By. For
a binary vector z let T be the complement of z, so T =
(1,1,1,...,1) — 2. For a binary matrix A, let A be the
matrix whose rows are the complements of the rows of A.

By the induction hypothesis, as there are fewer rows and we
have the same value of ¢, there is a mapping 6, : T, — B»
with the required properties. The top row of By is (011...1)
so if we look at By, the top row will be (100...0), the next
row will be (100...01) and so on, meaning that if we ignore
the first column we are counting up from 0 in binary. Lemma
4.3 then gives us a mapping 65 : By ({2,3,...}) — T} with
|62(x)| > |x| for every 2. Adding back the first column but
keeping the row mapping we get a mapping 3 : B; — T}
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where |05(z)| > |z| — 1. Now define 64 : By — T by

04(x) = 03(T) and let ||x|| be the length of the vector z.

|04 ()| — |2 = [03(7)| — ||
= [lz[| = 103(@)| = (Il = [=I)
= [z] = 105(7)] (6)
<1

To get (6) we use the fact that |03(z)| > |z| — 1.

We will now look at the inverse mapping 9;1 : 71 — By.
For any y € Ty, there is an x € Bj such that 64(x) = y.
We just showed that |64(z)| — |z| < 1 which is the same as
ly| — |=| < 1 which we can rewrite as |y| — |6; *(y)| < 1.
Multiplying both sides by —1 we get |0, ' (y)| > |y| — 1.
Combining 04_1 and 6, in the natural way we get the desired
mapping 6 : T — B satisfying |6(z)| > |z| — 1 > |z| — |¢]
for every .

Thus the lemma is proven for any r,¢ > 1 and any s >
r+t—1. O

We are now set to prove that the sum in the first formula
of the Corollary 4.2 is always larger than the sums in the
second and third formulae. We will need the following well
known observation:

Observation 4.6. For any integers n, k, j such that 0 <

J<k<n,
ny o n—j.
k) —\k—j

Lemma 4.7. For all positive integers q,n, x,j such that
r+j—1<2"andx —j >0,

i‘l (n—|i|> N ”il (n—l— i|>

2 Ng—1it) = 2 \g—1-1i1)
andifx — j > 1, then
“”*ZJ:” <n— z) - 9”2*:2 <n_ 1- |¢|>

2 Ng—1it) = & \a—1-1i1)
Proof. 'We show that there exists a bijection 6 from [z, x +
j—1]to[z—j,x—1] (orto [x —j— 1,z — 2], respectively)

such that |#(¢)| > |i| — 1 for all 4. This will prove the lemma

since then for every term (Z:“f‘l) in the sum of the left hand
side there will be a corresponding term in the sum on the

right side '
(1 o)

and we see that by Observation 4.6

(Z:i:&(g:) : <Z:i:<(|f|:i>)> B (Z:II)

So if such a bijection exists, then for every term in the sum
on the left hand side there will be a unique element in the
sum on the right hand side which is no greater than the
element on the left hand side. So then the sum on the left
hand side must be greater than or equal to the sum on the
right hand one. Now we just need to show that there exist
such bijections #. We will use Lemma 4.5.

Case 1. Let s = z,7 = j and ¢ = 1. Then by Lemma 4.5
there is a mapping 6 : [z, +j — 1] — [x — 1,2 — j]} such
that |0(¢)| > |i| — |¢t| = |i] — 1 for every ¢, which is the first
bijection we wanted.

Case 2. If we set ¢ = 2, then Lemma 4.5 gives us a mapping
0:[x,x+j—1] = [x — 2,2 — j — 1] such that |6(7)| >
li| — |t| = || — 1 for every 4, which is the second bijection
we wanted. O

We are now ready to prove Theorem 3.1.
Theorem 3.1. For any positive integers q,n, k where ¢ < n
and k < 27,

(%12}?#1 hq(n,x) + hg—1(n — 1,k — x)

= o, [51) + hya(n =1, 15 ))

Proof. We consider the two cases depending on whether k
is either even or odd.

Case 1 - Lk is even. Set x = % and rewrite the left hand side
of Theorem 3.1 as

min

OSjgmflhq(n’x—*—]) +hQ*1(n_ 171'—])

Then by the first and second part of Corollary 4.2 whenever
1 < 7 < z — 1, we can rewrite the expression which is
minimized as

xz+j—1 TL—M
hg(n,z) + Z ( . ) +hg_1(n—1,2)
— \qg—|il
””i (n -1- |i>
S \a— 11l
)+/._1 s
By Lemma 4.7 we have Y 77 (Z*\‘;D >
Zf;,ij (Z:i:“l’.’“) for any 1 < j < z — 1, which

means that the smallest value occurs when j = 0.
Case 2 - k is odd. Set z = [%] and rewrite the expression
of the left hand side of Theorem 3.1 as

Ogrjrlgiil_l hg(n,x+37) + hg—1(n — 1,2 — 1 —j).

By the first and third part of Corollary 4.2 we can rewrite
the part which is minimized for1 < j <z — 1 as

z+j—1 .
hg(n, z) + Z <Z_ ZI) +hg—1(n—1,2—1)

i=x
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r—2

Z (n —-1- Zl)
i=ae—g-1 N T 1=l
z+j—1 (n—|i|
By Lemma 4.7 we have '’ (Zi‘z‘) >

Zf:_,ijil (ijllz?ll) for 1 < j < x — 1 so the

smallest value of the expression will occur for 7 = 0.

O
By Lemma 3.4 this proves Theorem 2.1.

5. Conclusion

We have proven a conjecture of (Ferri et al., 2024), identify-
ing a binary matrix M minimizing m, (M), the sum of the
numbers of distinct rows over all submatrices on ¢ columns.
Let us further consider the complexity of computing m,, (M)
when the binary matrix M with k rows and n columns is
given as input. There is a straightforward algorithm with
runtime O(n?%kqlog k). The question arises if computing
mg(M) is FPT (Fixed Parameter Tractable, see Cygan et al.
(2015)) when parameterized by ¢. In other words, is there
an algorithm whose runtime is polynomial in the size of M,
with any superpolynomial dependency restricted to ¢ only?
We leave this as an open problem.
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Abstract. We present an XAl tool for time series classification provid-
ing model-agnostic instance-based post-hoc explanations, by means of
prototypes and counterfactuals. Additionally, our tool allows for model
inspection on instances generated by the user, to navigate the bound-
ary between classes. This will allow the user to test and improve their
hypotheses when formulating a model of the black box classification. We
perform a human-grounded evaluation with forward simulation, to con-
tribute a quantitative end-user evaluation to the field of XAI for time
series.

Keywords: Time series - Human-grounded evaluation -
Instance-based explanations

1 Introduction

Temporal data is encountered in many real-world applications ranging from
patient data in healthcare [15] to the field of cyber security [20]. Deep learn-
ing methods have been successful in time series classification [11,15,20], but
such methods are not easily interpretable, and often viewed as black boxes,
which limits their applications when user trust in the decision process is crucial.
To enable the analysis of these black-box models we revert to post-hoc inter-
pretability. Recent research has focused on adapting existing methods to time
series, both specific methods like SHAP-LIME |[8], Saliency Methods [10] and
Counterfactuals [4], and also combinations of these [16].

However, compared to images and text, time series data are not intuitively
understandable to humans [18|. This makes interpretability of time series extra
demanding, both when it comes to understanding how users will react to the
provided explanations and also to the evaluation of its usefulness. Nevertheless,
© The Author(s), under exclusive license to Springer Nature Switzerland AG 2024
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as humans learn and reason by forming mental representations of concepts based
on examples, and any machine learning model has been trained on data, then
data e.g. in the form of prototypes and counterfactuals is indeed the natural
common language between the user and this model. In addition, several studies
have highlighted the need to rethink new ways of interaction with an XAI algo-
rithm, to allow for a dialogue between explainer and explainee, and to enable
model inspection at will [1,13,17].

Hence, we advance an XAl time series tool that on the one hand provides
users with instances of both prototype and counterfactual time series, and on
the other hand lets the user generate their own instances for classification. This
enables active learning and allows the user to test and improve their hypotheses
when formulating a mental model of the black box classification.

We perform a quantitative user evaluation, thereby meeting a demand from
the XAI research community [4,21,22], to measure how prototypes, counterfac-
tuals and interactivity increases the understanding that the user has of the black
box classification. Using the taxonomy of interpretability evaluation [5] what we
do is a Human-Grounded Evaluation with Forward Simulation.

We use 3 datasets having a binary classification (e.g. 24-h power demand of a
household in Winter versus Summer) and for each dataset we train an ML model.
Note that it is generally more difficult to explain the classification of an AI model
than the classification of a real-world dataset. The reason for this is that the
dataset contains only real instances, whereas the AI model classifies any instance,
also artificial ones. In this work, for prototypes we use real instances from the
dataset, whereas we produce counterfactuals by combining real instances with
artificial ones, based on the NativeGuide method [4]. For tests we have chosen
to use real instances.

In the remainder of this paper, we first discuss related work, then we give
definitions, followed by a description of the tool and a discussion of the user
evaluation results.

2 Related Work

Research on XAI for time series classification has progressed similarly to XAl in
general, with earlier work focused on feature-importance rather than on instance-
based methods using prototypes and counterfactuals. A comprehensive survey
of XAI methods for time series can be found in [21]. Our own work deals with
model-agnostic instance-based post-hoc explanations, by means of prototypes
and counterfactuals. In [14], the author offers a survey of work on instance-based
explanations for XAI mainly in the image domain, defining and classifying the
various approaches in the literature. In this paper we evaluate the use of instance-
based explanations for time series by end-users. The work [7] studied how non-
experts handled post-hoc example-based explanations, however not in the time
series domain. They found that even though these do assist users with correct
judgement, people have significant difficulties dealing with misclassifications in
an unfamiliar domain. Thus we should maybe not expect very high accuracy
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from our own evaluations on end-users, as time series are notoriously hard for
humans to interpret [18].

Interactivity and model inspection have recently been seen as important in
XAIL The paper [2]| argues that interactivity in XAl is a core value in the inter-
face between the model and the user, and that a user study is needed for a
qualitative evaluation. In [22], the authors develop an interactive XAl tool for
loan applications that allows users to experiment with hypothetical input values
and inspect their effect on model outcomes, and perform a user evaluation on
MTurk.

User evaluations of XAI systems come in various forms. A taxonomy
of interpretability evaluation, from the gold standard of Application-oriented
evaluations, to Human-grounded evaluations as we perform in this work, to
Functionally-grounded evaluations that do not require human experimentations
is developed in [6]. For time series it seems the latter approach is the more com-
mon. The authors in [16] apply several XAI methods previously used on image
and text domain to time series, and introduces verification techniques specific to
times series, in particular a perturbation analysis and a sequence evaluation, but
they do not include any user evaluation of their systems. Likewise, [9] presents
a Python package to provide a unified interface to interpretation of time series
classification, but no user evaluation.

The work of [4] provides a method for generating counterfactuals for time
series classifiers, called Native Guide, that applies Class Activation Mappings
[23] to select discriminative areas for modification. They end their paper by
arguing that ‘Given the ubiquitous nature of time series data and the frequent
requirement for explanation, it is clear that experiments with human users and
CBR solutions have much to offer in future work.” The survey [21] says about
Native Guide that ‘...evaluating this promising approach involving end users
could be promising for future work’. Indeed this is a part of what we do in the
current paper as the counterfactuals we show users are exactly the ones generated
by Native Guide.

3 Definitions

Let us present formal definitions for Time Series Classification (T'SC) and recall
basic notions.

Staying consistent with earlier notation [4,21] a time series T =
{t1,ta,...,t,} is an ordered set of m real-valued observations (or time steps). A
time series dataset D = {11, T3, ...,T,} € R"*™ is a collection of such time series
where each time series has a class label ¢ forming a vector of class labels. In this
paper we consider only binary classification tasks. Given such a dataset, Time
Series Classification is the task of training a mapping b from the space of possi-
ble inputs to a probability distribution over the class values. Thus, a black-box
classifier b(T') takes a time series T' as input and predicts a probability output
over the class values. Given a to-be-explained time series T, with predicted label
b(T') = ¢ from the black-box classifier, a counterfactual explanation aims to find
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how T needs to (minimally) change to some 7" for the system to classify it alter-
natively, as b(T") = ¢’ # c¢. We refer to 7" as a counterfactual explanation for
T, without having to specify the target class since we consider only binary clas-
sification tasks. The minimality criterion usually refers to a notion of distance
(proximity) between time series, but another criteria property can be sparsity
(that T and T" differ on few data points, or on few contiguous sequences of data
points) and plausibility (that the instance is not an outlier).

Class A Interactive examples
Counterfactuals

Prototype

Decision
Boundary

Class B

Fig. 1. Explanation types illustrated in a two-class decision space. The two prototypes
are representatives of each class, positioned in the middle of the data density contour
map. A path of interactive examples and their counterfactuals is shown to illustrate a
possible user’s journey.

Prototypes are time series exemplifying the main aspects responsible for a
classifier’s specific decision outcome. It can be a real instance (which is what we
opt for in our tool) sampled from the dataset that is important and meaningful
because it summarizes the shape of many other similar instances, or a synthetic
one, for example a cluster centroid or an instance generated by following some
ad-hoc processes. See Fig. 1.

4 Prototypes, Counterfactuals, and User-Model
Inspection

In this section we introduce our tool for XAI on time series classification provid-
ing model-agnostic instance-based post-hoc explanation, by means of prototypes
and counterfactuals. Additionally, one of our contributions is to allow for model
inspection on instances generated by the explainee. This interactive tool allows
the user to themselves navigate the boundary between classes. Starting from a
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prototype, while simultaneously seeing a counterfactual (see Fig. 1) the user can
change individual time points at will, and see the resulting classification. This
will allow the user to test and improve their hypotheses when formulating a
model of the black box classification.

In the rest of this section we describe our tool and start by giving an argument
for its motivation, coming from the industry side. We then give a description of
the algorithms for generating prototypes plus counterfactuals, and a discussion
of how to present these to the user on-screen. We end by reporting on the design
choices related to the interactive part, that allows the user to change individual
time points and do model inspection.

4.1 The Need for Trust

When presenting output from black box ML systems to non-trained users, the
need for explanations arises from at least two angles: The user must trust the
results, and the user must, to a sufficient degree understand the results. To use
a real-world example from energy companies [19], if a system based on charging
data tells a car owner that their car seems faulty, or tells a home owner that their
power consumption deviates from expectations - they would need to trust their
correctness, otherwise the message will be ignored. When trust is established, the
next step is usually to fix the situation. If the car owner understands the reason
for their car charging being classified as faulty, he/she can bring it to the vendor
or repair shop with concrete information that can be used to fix it. Similarly,
if the home owner understands why their consumption is classified as deviating
- they could perhaps fix a broken appliance - or adjust their consumption to
a more favourable price pattern. These are situations encountered at Eviny, a
Norwegian energy company collaborating on the present tool. The more compli-
cated the data and classifications are (for example consisting of several series of
data measuring power, temperature, etc. - and/or having temporal patterns like
slowly decreasing trends), the more challenging will the explanation be. Thus -
exploring different approaches and tools for explanations for non-trained users
is of great use when companies plan on applying machine learning on complex
data. Without trust the models will be ignored, and without an understanding
of what the actual problem is no appropriate action can be taken. Of course,
one can ask how much benefit non-trained users can gather from example-based
explanations in the realm of time series, and this is indeed one of the questions
guiding the user evaluations done in this work.

4.2 Generating and Presenting Prototypes and Counterfactuals

We have opted to use cluster centers as our prototypes. To ensure the prototypes
we selected have high plausibility, we use a k—medoids algorithm to find the
prototypes, see [12]. Specifically we used KMedoids from sklearn _extra.cluster
package. We used default configuration of KMedoids, with Euclidean distance
as the distance metric.
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There is a growing consensus that counterfactuals provide robust and infor-
mative explanations to a query time series whose classification is to be explained.
In the time series domain the visualization of counterfactuals is straightforward.
We have opted to use a novel method for generating counterfactuals for time
series called Native Guide, developed recently by Delaney et al. [4]. This method
extracts counterfactual time series, named Native Guides, starting from initial
training data. Starting from the query time series whose classification is to be
explained, the Native Guide method starts by finding a counterfactual time series
belonging to the dataset that is close to the query. This Native series are then
adapted in a Guided way to generate novel counterfactuals, following four iden-
tified key properties for good counterfactuals: proximity, sparsity, plausibility,
and diversity. The Native Guide counterfactual generation method uses Class
Activation Mappings to Guide the counterfactual generation from the Native
series. The use of CAM in itself puts some limitations on the AI model used, e.g.
having the last layer be global average pooling, so in that sense is not completely
model-agnostic. To ensure compatibility between the model doing the classifica-
tion and the Native Guide counterfactual generator, we therefore closely follow
the time series classification model implementation of Delaney et al. available
here.

When presenting time series to the user we have opted to use two colours
for the two classes, namely Blue and Pink. Since a counterfactual, say Blue, will
be used to explain the classification of a given query Pink time series, we have
chosen to present both at the same time to the user. Thus, we plot the query
with Pink lines, and then show only the deviation of the counterfactual by Blue
dotted lines. See Figs.2, 3, 4 and 5 which show also that the user is allowed
to make interactive changes, as described in the next subsection. Note that the
y-values in the figures represents the normalized values for each dataset.

4.3 Allowing Interaction and Model Inspection

A central aspect of our tool is that it allows the user to alter individual data
points and do model inspection. In real-time the tool will update the model clas-
sification by changing the color of the time series if the classification changes,
showing the model confidence in this classification. It will also update to a new
counterfactual. This enables active learning and allows the user to test and
improve their hypotheses when formulating a mental model of the black box
classification. In Figs. 2, 3, 4 and 5, we see 4 screen shots of an actual session with
the tool: Fig. 2) User starts with a Pink prototype and a counterfactual. Figure 3)
Makes changes to left end of series so that confidence (top bar) of model clas-
sification drops, plus new counterfactual, but same color/class. Figure 4) Makes
further changes and now the model classification switches. Figure 5) Last changes
made by user and confidence of model classification increases. Note how the user
can explore their understanding of the classification by progressive changes to
the current time series. Compare also with Fig. 1.
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Fig. 2. Start in Pink prototype. (Color figure online)

Fig. 3. Changes at left end, still Pink. (Color figure online)

5 End-User Evaluation with Forward Simulation

We have not before seen such an interactive tool for time series in the research
literature. As time series are notoriously difficult for human users, most of the
human evaluations of XAI methods done so far have been qualitative and involv-
ing domain experts. Our goal in this work has been to add the new dimension
of quantitative user evaluations involving end-users, i.e. non-experts, on XAI for
time series. In this section we present this user evaluation. We start by presenting
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Fig. 4. Further changes, now Blue. (Color figure online)

Fig. 5. Last changes, still Blue. (Color figure online)

the discussion leading up to the 3 time series datasets chosen for the evaluation.
We then discuss the 3 distinct survey groups that will be given different abilities
in the training stage. We end by giving the results of the evaluation, on each
pairing of dataset and survey group, and a discussion of their significance.

Our tool is designed for univariate datasets. Moreover, since our test users are
not domain experts and time series are notoriously non-intuitive to us humans we
had some desiderata when choosing datasets for our survey. Firstly, we wanted
univariate datasets with a binary classification, Secondly, we wanted datasets on
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time series with not too many data points. Thirdly, we wanted datasets where
it is fairly easy for a non-expert to understand the domain. Datasets satisfying
these criteria will increase the prospective of providing constructive quantitative
feedback, and also they form the more common situation where an explanation
would potentially be provided for end-users. However, it is important to note
that apart from the above constraints we did not want simple datasets where the
binary classification is particularly easy or could be described (e.g. by ourselves)
in any straightforward way. We chose the following three datasets satisfying the
above criteria:

— From UCR [3]: Italy Power Demand. This dataset shows power demand in
Italian households over a 24-h time period, and classifies these into Winter
(October-March) and Summer (April-September).

— From UCR [3]: Chinatown. This dataset shows the number of pedestrians on
a particular street corner of Chinatown in Melbourne over a 24-h time period,
and classifies these into Weekend (Sat-Sun) and Weekdays (Mon-Fri).

— From Eviny: Car Charging. This dataset shows the power demand at a par-
ticular charging station for electric vehicles over a 24-h period, and classifies
these into Weekend (Sat-Sun) and Weekdays (Mon-Fri).

Table 1. Information of the datasets employed in the evaluation. We also include
information about the proportion of data employed for training and testing the data,
and the accuracy obtained by the learned model.

Dataset Number of instances | Class distribution | Train/Test | Accuracy
ItalyPowerDemand | 363 104/259 6%/94% | 98%
ChinaTown 1096 547/549 5%/95% 96%
Car Charging 365 269/96 75%/25% | 57%

Some details of the datasets employed in the experiments can be found in
Table 1. We also include the accuracy obtained by the trained models. In the
datasets we used the split between training and test defined and the repository
except from Car charging where we employed a random selection of 75% train
and 25% test.

As mentioned earlier, the three main components used in our interactive XAl
system for time series are prototypes (PT), counterfactuals (CF), and model
inspection (MI) with user-generated instances. Our survey groups will enter a
3-stage process, as follows:

— Intro: A short introduction is given to the relevant components, the dataset,
training stage, and testing stage.

— Training: Group dependent.

— Testing: 10 randomly selected time series from the dataset are shown, and for
each one the user must guess the AT model classification. See Figure below.
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Fig. 6. Test case for ItalyPowerDemand.

To cover the distribution of time series within each class, we wanted to show
users more than one prototype for each class. However, we did not want to
overload the user with information, hence we opted to have 6 prototypes in
total, three for each class. We will have three survey groups (PT, PT+CF,
PT+CF+MI) depending on what is made available to users in the Training
stage:

— PT: One at a time, the user is shown 3 prototypes from class A, then 3 from
class B, and finally shown a screen with all 6 prototypes.

— PT+CF: One at a time, the user is shown 3 prototypes from class A together
with a counterfactual from class B, then 3 converse pairs, and finally shown
a screen with all 6 pairs.

— PT+CF-+MI: The user is shown same as PT-+CF but model inspection is
permitted, with prototypes being interactive to allow iterative changes of any
chosen time points, and the ensuing classification and also new counterfactual
continually updated.

In Figs.2, 3, 4 and 5 we see how a user in group PT+CF+MI is shown a
pair consisting of a prototype and a counterfactual and is allowed to modify
data points. A user in group PT+CF is shown a single such pair consisting
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of prototype and counterfactual but without the ability to make modifications,
while a user in group PT is shown only the prototype. In the last part of the
training stage the users are shown all 6 prototypes/counterfactuals on one screen,
to easily make a comparison, as in Fig. 7 for group PT+CF-+MI.

Fig. 7. Blue and pink prototypes with counterfactuals, for ItalyPowerDemand. (Color
figure online)

5.1 Evaluation Results

Let us present the results of the user survey. In total, we had 65 voluntary
participants, who were either students in a university-level informatics course,
or researchers in informatics, thus with experience in using PCs, none of whom
received compensation. The participants were presented with the survey and
freely chose to participate. The participants were randomly divided into the 3
survey groups. After introduction and training they were asked to answer 10 test
questions from each of up to 3 datasets. Those who spent less than a minimum
amount of time (less than 1min for training and testing combined on a single
dataset) were discarded, as we considered that it would be impossible to even
read the provided information in that time.
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In Table2 we see the accuracy and number of tests (i.e. number of partici-
pants times 10) for each of the three survey groups, on each of the three datasets.
Accuracy is the percentage of correct test answers. The rightmost column gives
the aggregated information for each survey group, and the bottom row the aggre-
gated information for each dataset. The value in the bottom right corner shows
that the overall accuracy was 66.7%), thus clearly better than a random guess,
and satisfactory given the complicated nature of these time series classifications.

Let us compare the performance between the three survey groups. Perhaps
surprisingly, on aggregate we see that survey group PT that was only shown the
prototypes, did slightly better than the other two, with accuracy of 70.2% versus
65.9% and 64%. This could indicate that non-expert users are not necessarily able
to use the extra information provided by counterfactuals and model inspection in
a meaningful way. It could also mean that a ‘rule-of-thumb’ that appears useful
based only on prototypes (or prototypes + counterfactuals) actually works well
on a high percentage, say 80%, of test instances. However, after close model
inspection a user in group PT-+CF+MI may discover that this rule is not precise
(as it fails on several instances) leaving the user to discard this rule-of-thumb, and
subsequently actually performing worse on the tests. A final possible explanation
for why group PT+CF-+MI did not achieve higher accuracy is the fact that the
average time spent by users in total on all 3 datasets was about the same, around
15 min: group PT 954, group PT+CF 934 s, group PT+CF+MI 966 s. However,
it seems natural that a user doing model inspection to learn a better rule should
have spent more time than one who cannot do model inspection, making us
question how careful the users in group PT-+CF-+MI were. On the other hand,
there is not a clear trend when we compare accuracy versus time spent for users
in this group.

Let us turn to comparing between the 3 datasets. Interestingly, all 3 survey
groups had the highest accuracy on Chinatown and the lowest accuracy on Car-
Charging. We asked some users about rules they had been using for their own
mental classification, and the most mentioned rule was for Chinatown, something
like the following: ‘if there is a sharp dip at the beginning of the series then it
is Blue, and otherwise Pink’. Compare this rule to Figs. 2, 3, 4 and 5 from the
Chinatown dataset. See also Figs. 7 and 6 which for ItalyPowerDemand gives all
prototypes and counterfactuals, plus an example of a test, to get an impression
of how difficult the classification indeed is for this dataset. For the test shown in
Fig. 6 the average accuracy was 59.3%. Note the users could not navigate back
to see the prototypes when answering the tests.
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Table 2. Overview of accuracy and number of tests by survey group and dataset.

Survey ID Data ItalyPowerDemand | Chinatown | CarCharging | All 3 datasets

PT accuracy | 65.9% =+ 10 79.4% +13 |65.3% +14 | 70,2% +14
tests 170 170 170 510

PT+CF accuracy | 61.9% + 17 81.3% +£13 | 54.4% £21 |65.9%+20
tests 160 160 160 480

PT+CF+MI | accuracy | 60.2% =+ 16 76.2% +£22 | 55.7% £ 13 | 64.0% £ 20
tests 240 210 230 680

All groups accuracy | 62.7% + 15 79.0% + 17 | 58.4% £ 17 | 66.7% +19
tests 570 540 560 1670

6 Conclusion

As companies and controllers must cope with the EU regulations in form of
GDPR and the AT Act, explainability that allows model inspection by end-users
may very well become the target for developers. In domains where we humans
have poor intuition, such as time series, this may pose several challenges. In
this work we have contributed a tool for XAI on time series classification that
allows such model inspection. The evaluation results show that users can then
successfully perform a difficult forward simulation test. However, to attain the
full benefits from model inspection for such a complicated domain, it seems
necessary to have highly motivated users that are willing to spend more time with
such a tool, in order to form better mental models of the black-box classification.
As future work, we propose to explore the use of simplified versions of time series
prototypes generated by Machine Teaching techniques to explain time series
classification models.
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Abstract

Given a Time Series Classifier (TSC) and three parameters that balance between error, simplicity and robustness,
we define an optimization problem over all possible ways of simplifying a given time series ¢s into straight-line
segments. Robustness is fixed as the fraction of perturbations that have the same classification as ts under the
TSC, and we introduce a novel method for generating a set of perturbations where this information is easy to
visualize. We prove that under some mild conditions on the TSC and the three parameters, we can find the
optimal solution in time polynomial in the length of ¢s, by first doing dynamic programming to solve for error
and simplicity, and then adding robustness. We test the resulting Optimal Robust Simplification (ORS)-Algorithm
on binary TSCs for three datasets from UCR. We apply the ORS-Algorithm to prototypes of the classes, with
varying parameters, to evaluate its power as an explanatory tool for the trained classifiers. We also provide a tool
for visualizing the robustness information. We believe the resulting insights show the usefulness of the Optimal
Robust Simplifications in explaining TSCs.

Keywords
Time Series, XAl Simplification, Explainability

1. Introduction

Temporal data is encountered in many real-world applications ranging from patient data in healthcare
[1] to the field of cyber security [2]. Deep learning methods have been successful [3, 1, 2] for TSC -
Time Series Classification - but such methods are not easily interpretable, and often viewed as black
boxes, which limits their applications when user trust in the decision process is crucial. To enable the
analysis of these black-box models we revert to post-hoc interpretability. Recent research has focused on
adapting existing methods to time series, both specific methods like SHAP-LIME [4], Saliency Methods
[5] and Counterfactuals [6], and also combinations of these [7].

As humans learn and reason by forming mental representations of concepts based on examples,
and any machine learning model has been trained on data, then we believe that data e.g. in the form
of prototypes and counterfactuals is indeed the natural common language between the user and this
model. However, the basic problem is that compared to images and text, time series data are not
intuitively understandable to humans [8]. This makes interpretability of time series extra demanding,
both when it comes to understanding how users will react to the provided explanations and to predict
what explanatory tools are best. For example, in [9] a tool was given for explainability of a TSC, that
allowed model inspection so the user could form their own mental model of the classifier. However, a
user evaluation showed that non-expert end-users were not able to make use of this freedom, supporting
the notion that time-series are particularly non-intuitive for humans.

Theissler et al [10] give an intriguing taxonomy of XAI for TSC, divided into those focused on (i)
Time-points (e.g. SHAP and LIME) or (ii) Subsequences (e.g. Shapelets) or (iii) Instances (Prototypes,
CF, Feature-based). Explaining a classifier by instances like prototypes has a definite appeal, but it
is a challenge how to highlight the features important for the classification, while at the same time
simplifying the instance to mitigate the non-intuitive aspects of this domain, as we attempt in this
work. Theissler et al [10] review the literature on XAI for TSC and of the 9 papers they discuss on
Instance-based explanations using Prototypes or Features, it is remarkable that not a single one is
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specialized for Local explanations, rather they are all Global. In this work we fill this gap, and introduce
a way of simplifying a time series by straight-line segments, and doing this in a way that is robust with
respect to the classification of a given TSC h." Our ORS-algorithm, for Optimal Robust Simplifications, is
model-agnostic, with robustness of a simplification being the fraction of local perturbations that retains
the classification under TSC h. There are various ways of perturbing times series, see e.g. [11, 12, 13]. In
this work we develop a different method of computing a set of perturbations, both since we start with a
simplification on straight-line segments and also because we want the aggregate information about
their classifications to be visualized in an informative way. When computing robustness we start with a
straight-line simplification, and any perturbation must to a certain degree keep that position and shape,
while it is also allowed to deviate as the perturbation moves inside a band around the simplification, see
Figure 8.

The ORS-Algorithm computing a robust simplification sts of a given times series ¢s, under a TSC A,
has three parameters that allows to balance between error (Squared Euclidean distance between ts and
sts), simplicity (number of segments of sts), and robustness (what fraction of perturbations of sts have
same classification as ts by h), and sts is defined as the minimization over an objective function taking
all this into account, see Definition 1. Perhaps surprisingly, in Theorem 4 we show that under some mild
conditions on A and the three parameters, we can find the optimal solution in time polynomial in the
length of the original time series ¢s, by first solving for error and simplicity, and then adding robustness.
Note that our algorithm allows not only the balance between error, simplicity and robustness to change,
but also their computation, i.e. the algorithm is agnostic to the particular methods used to calculate
these values. Hence Squared Euclidean distance can be replaced by some other distance function as long
as it is amenable to the dynamic programming, simplicity can depend on other aspects than number of
segments, and robustness can be computed by other types of perturbations.

In the rest of this paper we first discuss related work and cover some standard definitions before
presenting the ORS-Algorithm together with proof of correctness and runtime. We then discuss the
usefulness of the robust simplifications, with a focus in this paper on time series that are discrete,
univariate, evenly sampled, aperiodic, short, and non-stationary, based on UCR datasets Chinatown,
Italy Power Demand and ECG200. We also provide an aid to visualize the robustness information. Our
findings suggest that the robust simplifications of a prototype s can be used to extract explanations of
the classification done by the TSC, as they simplify ts to the point where human intuition can more
easily be applied. We conclude the paper by discussing some directions for future work.

2. Related Work

Several techniques have been applied to generate explanations from TSC models [10, 14]. Specifically,
techniques previously used on Convolutional Neural Networks or Recurrent Neural Networks have
been applied when these techniques have been used for TSC. For instance, the authors in [7] apply
to time series several XAI methods previously used on image and text domain. They also introduce
verification techniques specific to times series, in particular a perturbation analysis and a sequence
evaluation. Related to the datasets used in our paper, [15] presents a user study of XAI methods to
explain the ECG200 dataset from UCR.

Another alternative is to produce explanations through examples, and these can be specifically
utilized in the time series domain. One type of this explanation method involves giving the nearest
example from the training dataset that acts as a prototype to depict the normal behavior of a similar
sample [16]. A method to generate prototypes for time series data using an autoencoder is presented in
[17]. The main novelty of the work is the method to generate diverse prototypes.

Given that in many cases raw time series can be too complex for humans, several studies have tried
to employ simplified versions as explanations. In [18], the authors propose a dimensionality reduction
technique for time series, called Piecewise Aggregate Approximation, as a tool for similarity search

!'Note that if one pieces together several such local explanations, say for prototypes of each class, then this can still form a
global explanation of the given TSC h.



in large time series databases. The work [19] presents a review of piecewise linear approximations
employed for time series data, and the authors also propose a method named SWAB (based on the
Sliding Window and Bottom-up approaches). Finally, in [20] Camponogara and Nazari introduce a range
of piecewise-linear models and algorithms for unknown functions. Another option is to segment time
series into fixed-width windows and employ these to justify decisions. In [21] Schlegel et al propose
TS-MULE, a model explanation method working to segment and perturb time series data and extending
LIME. A study on the effect of segmentation on time series, in particular in the field of finance for the
use of pattern matching was presented in [22]. In [23], Si and Yin also apply segmentation to financial
time series data, now as a preprocessing step to locate technical patterns.

Perturbations have also been previously employed for XAI and time series. In [11], the authors
propose a framework to generate explanations for time series classifications based on a generative
model to create with-in-distribution perturbations. Enguehard, in [12], introduces a technique to explain
multivariate time series predictions using a perturbation-based saliency method. Recently, the approach
ContraLSP has been detailed in [13]. This method is based on a locally sparse model that produces
counterfactual samples to build uninformative perturbations but keeps distribution using contrastive
learning.

Some tools have been proposed to allow users to interact with time series and, in that way, to get some
insights about their classification, like [24] where model inspection is the key aspect. In [25], the authors
develop an interactive XAI tool for loan applications that allows users to experiment with hypothetical
input values and inspect their effect on the outcomes of the model and perform a user evaluation on
MTurk. [26] presents a Python package to provide a unified interface for the interpretation of time
series classification.

Some papers have developed a similar approach to our proposal. Im [27], Tang et al. presents the
method Dual Prototypical Shapelet Networks (DPSN) for few-shot time-series classification. This
method trains a neural network from few examples and also interprets the model from two levels of
granularity: a global overview with representative time series examples, and local highlights with
discriminative shapelets. Another related paper for sequence learning is [28]. The work proposes
ProSeNet a RNN-based method for deep sequence modeling. The approach combines prototype learning
and RNNs to construct models with high accuracy and interpretability. The method considers three
criteria in constructing prototypes: Simplicity, the prototypes can be subsequences with only the key
events determining the output; Diversity, redundant prototypes should be avoided; Sparsity, for each
example to explain only a few prototypes are shown to avoid long explanations. The authors show the
validity of ProSeNet for time series using the MIT-BIH Arrhythmia ECG dataset.

3. Standard definitions

Let us present formal definitions for Time Series Classification (TSC) and recall basic notions.

Staying consistent with earlier notation [10, 6] a time series T' = {¢1, 2, ..., ty, } is an ordered set of
m real-valued observations (or time steps). Note we may also view each t; as a pair consisting of an
x-value (the time) and a y-value (the observation). A time series dataset D = {11, T5, ..., T,,} € R"*™
is a collection of such time series where each time series has a class label ¢ forming a vector of class
labels. In this paper we consider only binary classification tasks. Given such a dataset, Time Series
Classification is the task of training a mapping b from the space of possible inputs to a probability
distribution over the class values. Thus, a black-box classifier b(T') takes a time series 7" as input and
predicts a probability output over the class values.

Prototypes are time series exemplifying the main aspects responsible for a classifier’s specific decision
outcome. It can be a real instance (which is what we opt for) sampled from the dataset that is important
and meaningful because it summarizes the shape of many other similar instances, or a synthetic one,
for example a cluster centroid or an instance generated by following some ad-hoc processes.



4. An Algorithm for Optimal Robust Simplifications

In this section we give the ORS-Algorithm that takes a binary Time Series Classifier h and a univariate
times series ¢s, on n points p1, ..., p, given by increasing z-values, and computes the optimal robust
simplification opt simp(ts, h, o, B,7), where «, 3, v are factors freely chosen to balance between error,
simplicity and robustness. This simplification will select k + 1 of the n points p;,, piy, ..., P, With
1j < 1j41, V] to form a simplified time series sts on k segments by drawing a line between each
consecutive pairs of the k + 1 points and by letting the first segment and the last segment extend to the
x-values of p; and p,,, respectively. See Figure 1.
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Figure 1: Original time series ts in black, with selected points given by 6 grey circles, resulting in a simplification
sts in red with 5 segments.

Definition 1. We define optsimy(ts, h, o, 5,7) formally as the minimum, over all 2" — n — 1 possible
choices of 2 < k < n points that give a simplification sts with h(ts) = h(sts), of the value

a-err(ts,sts) + B - kes +v - frag(ts, sts, h)

comparing the original time series ts and the simplification sts on kgs = k — 1 segments defined by
these k points.

The optimal simplification thus reflects a selected balance of error, simplicity and robustness achieved
by freely choosing the 3 factors «, 3, v:

« « for error: err(ts, sts) is Squared Euclidean distance between ts and sts, i.e. the sum over all
x-values, of the square of the difference between the corresponding y-value of ts and sts.

« [ for simplicity: kg5 is the number of segments

« ~y for robustness: frag(ts, sts, h) is a measure of how robust the classifier A is on perturbations
of sts, measured by the fraction of perturbations that do not fall in the same class as ¢s, thus
in the range [0, 1] with 0 being most robust (frag is short for fragility and can be viewed as
(1-robustness)). See subsection 4.2.2 for the definition of the perturbations used.

Perhaps surprisingly, under some mild assumptions this complicated objective function still allows
an algorithm that finds the optimal in time polynomial in n. In this section we describe this algorithm
in detail.



4.1. If no robustness: Dynamic Programming

We first solve the case of ¥ = 0, i.e. without giving any weight to robustness. Firstly, Least Squares is a
foundational problem in statistics and numerical analysis, given points p1, pa, ..., P in the plane find
the straight line that minimizes the squared error. In the more general Segmented Least Squares (SLS)
problem we ask for a sequence of straight-line segments that minimizes cost, which is some balance of
error and simplicity (number of segments). The SLS problem is famously solvable in polynomial time
by a textbook Dynamic Programming Algorithm based on the following recurrence for OPT(j), the
minimum cost for points p, ..., p;:

0, ifj=0
minlgigj{lse(i,j) + 0+ OPT(Z - 1)} else

where [se(i, j) is the least square error over all single lines that cover p; to p;, and (3 is the the cost
of one extra segment, with value of 5 chosen to balance between error and simplicity. This problem

OPT(j) = {

formulation differs from our setting in 3 important ways:

« We want a continuous set of segments, with each segment starting and ending in given points.

+ We want the first (resp. last) segment to be defined by any two points p;, p; and the line drawn
between them continued until it hits the x-value of p; (resp. of p,).

« We want robustness to perturbations as part of the objective function.

The first two differences are relatively easy to accommodate, as follows:

0, ifj =0
OPT(j) = mini<i<j{[e - err(i, j) + 8+ OPT(i)], [ - err(1,4,5) + B} ifj<n
minlgign miniﬂgkgn{[a : €7“7“(’i, k, n) + B + OPT(Z)],
[a-err(1,i,k,n) + 5]} ifj=n
where

« err(i, ) is the Squared Euclidean distance between the straight line from p; to p; and the part of
the original time series ¢s given by points p;, ..., p;

« err(i, j,n) is the same except the straight line continues past p; to the xz-value of p,, and we
compare to the final part of ts given by p;, ..., pp,

« err(1,i,7) is similar as above except the line continues in the other direction to the z-value of p;
and we compare to the initial part of ts p1, ..., p;

« err(1,i,j,n) compares ts to a single line covering all z-values and going through points p;, p;

For the case of optgimp(ts, h, o, B,7) where v = 0 i.e. where robustness does not play a part, the
argument for correctness of the above recurrence is similar to the textbook argument for correctness of
the recurrence of SLS, so we do not repeat it here, except to note the new parts being that

« We use OPT (i) rather than OPT (i — 1) since now for two consecutive segments the endpoint
of the first is the startpoint of the next.

« When defining OPT(j) we use err(1,14, j) so first segment can end in j

« When defining OPT'(n) we use err(i, k,n) so last segment can choose any pair p;, pg, and
err(1,1,k,n) to allow simplification with a single segment.

Transforming this recurrence into a dynamic programming algorithm is straightforward, by first
computing each of the O(n?) error terms in time O(n) each, followed by a nested loop computing the
n OPT(j) values in O(n) time each. Retrieving the optimal solution is done by a second pass over the
values stored, also standard. This gives the following result.

Theorem 1. Given a time series ts of length n, a binary TSC h, and factors «, 3,y that balance between
error, simplicity and robustness. For the case of v = 0 (no robustness) we can compute the optimal simplifi-
cation achieving the minimum optsimy(ts, h, o, 8,7 = 0) in time O(n®) by dynamic programming.



4.2. Accommodating Robustness: DP with Heaps

Dynamic programming relies on the property that an optimal solution to a larger problem consists of
optimal solutions to subproblems. Robustness depends on the TS Classifier i and we cannot expect it to
satisfy this property, since its classification on only a part of a time series will not in general correspond
to its classification on the full time series. Thus, we cannot incorporate robustness as part of the DP
scheme. Instead, our algorithm for Optimal Robust Simplifications (ORS), the ORS-Algorithm, uses a
2-stage approach:

Stage 1 Use DP to compute a 2-dimensional table of size n x ¢ that in cell D[j, k] stores the kth least
costly simplification for the points p1, ..., p; of the input time series s, considering only error
and simplicity but not robustness, as in above DP.

Stage 2 Consider the ¢ least costly simplifications stsq, ..., sts,, ordered by non-decreasing cost under
error and simplicity as stored in D[n, 1]..D[n, q] respectively. Compute robustness for any
simplification that & classifies same as ts.

The ORS-Algorithm then returns the simplification having lowest overall total cost, i.e. the sts
minimizing the value of value of « - err(ts, sts) + 8 - ksts + 7y - frag(ts, sts, h)

Pseudo-code is given in the Appendix. We will here give a high-level explanation, but let us first
state the following formal result.

Theorem 2. Let the difference in cost between stsy and stsy, as computed by Stage 1, be d. For any
value of v < d the simplification returned by the ORS-Algorithm will then be an optimal one achieving

Optsimp(tsa h7 a, ﬁa ’7)

Proof 1. We prove the statement by contradiction. Let the simplification sts returned by the ORS-Algorithm
have ks segments and assume there is another simplification sts’ with ks segments such that

a-err(ts,sts’) + - ks + - frag(ts,sts’, h) <

a-err(ts,sts) + B - kss + v - frag(ts, sts,h)

Since Stage 2 optimized this value over all simplifications sts1, ..., stsq we cannot have sts' among these,
and thus by the assumption in the statement of the theorem we have o - err(ts,sts’) + 0 - kg >
d+ a-err(ts,stsy) + B - ksts,, with kg5, the number of segments of stsi. Thus we get

d+ a-err(ts,stsy) + B - ksts, +7 - frag(ts, sts', h) <
a-err(ts,sts) + [ - kas +7 - frag(ts,sts,h) <

a-err(ts,stsy) + B - kss, + v - frag(ts, stsi, h)

with the latter inequality following since sts was the minimum over stsy, ..., stsq. Rearranging, this gives
d < v-frag(ts, stsi,h)—~-frag(ts, sts’, h)+((a-err(ts, stsy)+8-ksts; )—(c-err(ts, sts1)+B-ksts,))
with the latter term being zero and thus

d < - (frag(ts,sts,h) — frag(ts,sts’, h))

Note we have frag(-) in the range [0, 1] which means the above implies that v > d, contradicting the
assumption in the statement of the theorem. g



4.2.1. Important details of Stage 1.

We describe some key details of how to implement Stage 1, computing a table of size n x g with D[j, k]
storing the kth least costly simplification of points p, ..., p; under error and simplicity only. The
difference to the earlier DP is that we compute not only the least costly but the ¢ least costly with
q > 1. After computing error terms we run an outer loop from j = 1 to n with two inner loops one
after the other. The first loop from ¢ = 1 to j — 1 is similar to the previous DP, computing the cost
Dli, 1] +err(i, j) of having the last segment go from p; to p;, but now adding all these values to a heap
Hj. The second loop from k = 1 to ¢ fills the D[4, k| entries by extracting the minimum element from
Hj, say this element is D[i, ] 4 err(i, j), then first set D[4, k] to this element, but most importantly
also add to the heap H; the new value D[i,r + 1] + err (i, j) since the r 4 1st least costly solution
up to p; may be lower than many other solutions in the heap. For details, in particular regarding the
edge-cases which are cumbersome to implement properly, see the pseudo-code in the appendix.

4.2.2. Definition of Perturbations and Robustness in Stage 2.

A simplified time series sts on k segments is computed by choosing k& + 1 points p;,, ..., p;;,, from
an original time series ¢s on points p1, ..., p,. When computing the robustness of sts focus on the
following k + 1 pivot points s1, i, , ..., Dij,, S2 of sts (note the first and last may not be points of ts)
where s1 (and s9) is the y-value of sts that corresponds to the smallest (and largest) z-value, where
smallest is same as x-value of p; (and largest is same as x-value of p,,). In Figure 1 s; is the leftmost
circled point and s9 the rightmost circled point, at x-values 0 and 23 respectively. For these k + 1 pivot
points of sts we allow an increase or decrease of its y-value by an € which is 10% of the y-range of the
dataset the classifier h was trained on, i.e. € = 0.1 * (Yimaz — Ymin) With Ymaez and Y, the maximum
and minimum y-value in this dataset.

We compute 10.000 random perturbations of sts, each consisting of k segments anchored at the
same z-values as the k + 1 pivot points of sts but with the y-value of each pivot point shifted by an
amount drawn independently for the k£ + 1 values uniformly at random in the range [—¢, +¢|. Thus
the perturbation will lie inside a band around sts of height 2 - € at each pivot point. See Figure 2. We
then use h to classify each of the perturbations, and define the frag-value of sts as the fraction of the
10.000 random perturbations that have the opposite classification as ts.

(a) frag = 0.45 blue. (b) frag = 0.04 blue. (c) frag = 0.02 red.
Not robust. Very robust. Very robust.

Figure 2: Visualizing robustness of the three simplified time series in dotted black lines. All perturbations consist
of straight-line segments that are forced to lie inside the colored band, with pivot points at same z-values as
the simplification, but different y-values. We compute several perturbations of sts by randomly altering the
y-values of the ks + 1 pivot points inside the narrow band, e.g. in (b) sts in black has 5 segments and the 6 pivot
points of the perturbations are at z-values 0,5,9,13,18,24. Each perturbation is drawn with a color according to
its classification by the classifier k. Thus if many have same color as ts then robustness is good (and frag-value
low).

Theorem 3. The runtime of the ORS-ALgorithm is O(n - max{n?, qlogn}).



Proof 2. The initialization of error terms is O(n?) as in the first DP version. We use binary heaps having
O(log n) insertion and extraction operations. Then, for each of the n values of 1 < j < n we have two
for-loops, one inserting at most n values into heap H; (for time O(nlogn)), and the other extracting and
inserting at most q values of H; (for time O(qlogn)). Note there are never more than n elements in any
heap H as the first loop never inserts more than n elements and the latter loop extracts one element and
inserts at most one new element. This completes the proof.

Theorem 4. The optimal simplification optsimp(ts, h, o, B,7) can be computed in polynomial time for a
time series ts onn points, a binary TSC h, and balancing factors «, 3, v, if there exists a constant c, such
that the difference is > -y between the least costly simplification that does not take robustness into account
and the n°th least costly one.

Proof 3. This follows from Theorems 2 and 3 by running the ORS Algorithm with ¢ = n°.

5. Usefulness of the robust simplifications

We have implemented * the ORS-Algorithm and in this section we illustrate its use for explaining a Time
Series Classifier. The algorithm is designed for classifiers working on univariate discrete time series
with a binary classification. Moreover, we believe its use is more easily evaluated if the times series
are evenly sampled, aperiodic and non-stationary. However, it is important to note that apart from the
above constraints we did not want simple datasets where the binary classification is particularly easy
or could be described (e.g. by ourselves) in any straightforward way. Based on these criteria we have
chosen to focus on three datasets.

« From UCR [29]: Chinatown. This dataset shows the number of pedestrians on a street corner
of Chinatown in Melbourne over a 24-hour time period, and classifies these into Weekend and
Weekdays.

« From UCR [29]: ECG200. This dataset traces the electrical activity recorded in 96 time steps
during one heartbeat and classifies the time series into a normal heartbeat and a Myocardial
Infarction.

« From UCR [29]: Italy Power Demand. This dataset shows power demand in Italian households
over a 24-hour time period, and classifies these into Winter (October-March) and Summer (April-
September).

Figure 3: Six prototypes from Chinatown. Hard to make a rule-of-thumb.

?Available on Github: https://github.com/BrigtHaavardstun/kSimplification



Figure 4: Same six prototypes from Chinatown, now shown in dotted black lines, with robust simplifications
making it easier to extract a rule-of-thumb.

For each of these datasets we trained a fully convolutional neural network (FCN), originally proposed
by Wang et al. [30]. Specifically we implemented a model closely following the work by Delaney et al.
[6]. To select prototypes we used SPOTGreedy by Gurumoorthy et al. [31], implemented in the python
package InterpretML[32]. We then ran the robust simplification algorithm on the resulting prototypes,
with varying balancing factors, to evaluate their power as explanatory tools for the trained classifiers.
In this section we focus on three aspects of the robust simplifications to argue that they are helpful
explanations of the classifier model.

+ Showing prototypes together with their simplifications is more informative than showing proto-
types only

« Varying the balance of error vs simplicity vs robustness will highlight different aspects of the
prototypes

 Extracting a rule for class membership from this information can give simple and powerful
explanations

We cover these aspects in separate subsections.

5.1. Simplifications are informative as explanations
5.1.1. Chinatown

For the Chinatown dataset we have computed 3 prototypes from each of the two classes, that we call Red
and Blue. These 6 prototypes are presented in Figure 3. From these prototypes only it seems difficult to
identify with any kind of certainty a rule-of-thumb that can be used to decide the classification of new
instances. On the next figure, Figure 4, we show a single simplification added to each of the prototypes.
These simplifications are chosen with a well-balanced mix of error, simplicity and robustness, choosing
each of «, 3,7 in the mid-range of values * These simplifications function as explanations for the
classification of each of the prototypes, as they also incorporate the robustness to 10.000 perturbations,
and as such they allow a rule-of-thumb to be more readily guessed at. Looking at the first segment
of each of the robust simplifications it is striking that the blue slopes are quite sharply downwards,
whereas none of the red are. A natural guess is as follows:

+ Rule-of-thumb for Chinatown classification: if the time series starts by a noticable downward
slope then it is Blue, otherwise Red

*Exact values used for parameters can be found on the github page. Here we only refer to them as Low-Mid-High to keep the
presentation simple.
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Figure 5: Prototype from Chinatown in black and four distinct simplifications of it in red. From (a) to (b) to
(c) we see that increasing the importance of simplicity from low to middle to high will decrease the number of
segments from 11 to 6 to 2, and increase the Euclidean distance. In (d) we see that increasing the importance
of robustness, when comparing to (b) which also has 6 segments, changes the slope of the first segment even
though this increases the Euclidean distance, which is significant information about the red classification.

0 5 10 15 20 0 5 10 15 20
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Figure 6: Prototype from ItalyPowerDemand in black and two distinct simplifications of it in blue. Note that
both have the same balancing factor for error and simplicity, but (a) has 4 segments while (b) has a higher factor
of robustness that yields 5 segments. Simplifying, we could say that a segment in (a) has been replaced by two
segments in (b) to give two peaks. This indicates that those two peaks at or around those x-values is important
for the robustness of the Blue classification.

5.2. Varying balancing factors

5.2.1. Chinatown

In Figure 5 we see the effect of varying the balancing factors for a Red prototype in the Chinatown
dataset. We see that increasing the importance of simplicity from low to middle to high will decrease
the number of segments, while naturally also increasing the Euclidean distance to the original time
series. We also see that increasing the importance of robustness changes the slope of the first segment
from slightly downward (in the other 6-segment simplification) to slightly upward. This means that
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Figure 7: Prototype from ECG200 in black and two distinct simplifications of it in blue. Note that even though
the factor for robustness is much higher in (b) than (a), the two simplifications are almost identical (difference
being that in (a) the third segment ends in x = 40 whereas in (b) it ends in z = 39).

a higher percentage of time series with first segment having slightly downward slope in this vicinity
are classified as Blue, as compared to the percentage classified Blue having slightly upward slope. This
change is significant information, and it holds even in the presence of a higher Euclidean distance to the
original prototype. Note that this observation constitutes supporting evidence for the rule-of-thumb
guessed at previously for Chinatown.

5.2.2. Italy Power Demand

In Figure 6 we see a single prototype from ItalyPowerDemand in black and two robust simplifications
of it in blue. Both simplifications have the same balancing factor for error and simplicity, but (a) has 4
segments while (b) has 5 segments resulting from an increase in the factor for robustness. Simplifying,
we could say that a single segment in (a) has been replaced by two segments in (b) to give two peaks.
This indicates a rule-of-thumb for the classifier trained on ItalyPowerDemand, namely that two such
peaks at or around those x-values is important for the Blue classification.

5.2.3. ECG200

In Figure 7 we see a prototype from ECG200 in black and two distinct simplifications of it in blue. Note
that even though the factor for robustness is much higher in (b) than (a), the two simplifications are
(almost) identical, both on 5 segments. To explain this lack of significance of robustness we turn to
Theorem 2 which says that the difference between the best cost and gth best cost output by Stage 1 of
the ORS Algorithm, may limit the values of  for which Stage 2 returns the optimal robust simplification.
For the simplifications of Figure 7 we ran Stage 1 with the high value of ¢ = 1.000.000 and found
this difference to be 0.03630-0.02884=0.00746. Thus by Theorem 2 the simplification in (a) may not
be optimal for that value of v = 0.01 > 0.00746, whereas the one in (b) is likely not optimal, as
v = 0.1 >> 0.00746. Let us explain why we believe this happens. This time series has a length of
96, and note the DP to get 5 segments optimizes over all possible ways of choosing 6 points from 96.
Note that there are many such choices of 6 points that give 5 segments similar to the ones in Figure 7.
Counting the number of ways of choosing these 6 points, starting with the rightmost point and going
left, a back-of-the-envelope calculation estimates this to be in the ballpark of 35*20*10*10*3*5 which
is over 1 million. Thus, we take this as evidence that almost all the ¢ best simplifications returned by
the dynamic programming of Stage 1, that do not take robustness into account, are very close to these
5 segments. Thus increasing the importance of robustness cannot help, as the result will always be a
simplification similar to the one given. We leave for future work to deal with such cases, for example
by a heuristic during the DP that discards simplifications that are only marginally different from others.



5.3. Evaluating a classification rule guessed from robust simplifications
5.3.1. Chinatown

For the Chinatown classification we made a rule-of-thumb based on information gathered from the
explanations of the classifications given for 6 prototypes, by means of the robust simplifications. To
check if this rule-of-thumb is actually useful we need to make it more specific. Looking at the values
on the y-axis for Figure 4 we see that the first segments of the 3 Blue simplifications are lines starting
at point (0, 500) and decreasing to about (5,0) while the first segments of the Red simplifications are
only very slightly decreasing or increasing. Thus, the difference between the y-values at x = 0 and
x = 5 would distinguish between these Red and Blue prototypes. We guess that this difference also
distinguishes between many other time series in the dataset, as this insight is gathered from the robust
simplifications. Taking the halfway point of 250 between the y-values of 500 and 0 as the cutoff the
simple classification rule becomes

« Simple Rule for Chinatown: if the y-value at x = 0 minus the y-value at z = 5 is larger than 250
then ts is classified Blue, otherwise Red

The Chinatown dataset has 363 time series. We checked their classification by the model and compared
to the Simple Rule. Indeed, the Simple Rule classifies all but 1 of the model-classified Blue time series as
Blue, and it classifies all but 19 of the Red time series as Red, for an accuracy of 94.5 %. Note this is
accuracy with respect to the model, not the ground truth, as the Simple Rule is trying to explain the
model. Let us mention that the accuracy of the model wrt ground truth is 96.4 %, while accuracy of the
simple rule wrt ground truth is 97 %.

Finally, let us also mention that if we raise the cutoff in the Simple Rule from 250 to 325 it actually
achieves an accuracy of 99.7 % (with accuracy of the simple rule vs ground truth down to 96.7%) failing
on only one instance. In retrospect, we could ask if there was any information available to us from the
robust simplifications that would point to this higher cutoff. In fact, consider Figure 5 (a) that visualizes
the robustness of a simplification whose first segment goes from (0, 400) to (7, 50). Note the red part of
the band around the first segment stretches up above (0, 250). This should have made us wonder if the
cutoff for the simple rule should be higher than 250. We could have made a test of this, for example by
constructing a time series whose first segment goes from (0, 300) to (5, 0) and visualize its robustness.
See Figure 8, where we have done exactly this, and pay close attention to the colourings of the band
around the first segment. This band is predominantly blue down to somewhere above (0, 300), and
already then it turns red. This in itself could have made us guess a higher cutoff than 250 for the Simple
Rule. We believe these insights show the usefulness of the robust simplifications and their visualization.

5.3.2. ItalyPowerDemand

In the previous subsection we saw that two peaks in the mid-afternoon seemed to signify Blue class
for the classifier on the ItalyPowerDemand dataset. Looking more closely at Figure 6 we note that the
difference between the high part of the peaks and the low part is about 0.5. We also note from the
original prototype that the first peak is centered at 10, the second peak at 18, and that in (b) the bottom
of the simplification is centered at 14. From this we extract the following rule:

« Simple Rule for ItalyPowerDemand: let max1 = maximum of the y-values over x = 9,10, 11, let
min2= minimum of the y-values over z = 13, 14, 15 and max3 = maximum of the y-values over
x =17,18,19. If maz1 — min2 > 0.5 and max3 — men2 > 0.5 then classify this instance Blue,
else Red.

The dataset ItalyPowerDemand has 1096 time series. We checked their classification by the model
and compared to the Simple Rule. Indeed, the Simple Rule classifies all but 50 of the model-classified
Blue correctly, and all but 49 of the Red correctly, for an accuracy of 91%. Let us mention that accuracy
of the model wrt ground truth is 96.3%, and of the Simple Rule wrt Ground Truth 89.6%. Note that



Figure 8: Visualization of robustness of a time series starting at (0, 300) suggesting that a cutoff somewhat
higher than (0, 250) for Blue vs Red would have been a better guess for the Simple Rule for Chinatown.

classifiers of ItalyPowerDemand have previously been shown hard to explain to end-users [24]. Thus,
the Simple Rule, developed by examining the robust simplifications in Figure 6, has a surprisingly high
accuracy.

6. Conclusions and Future Work

In this paper, we addressed the challenge of interpretability in Time Series Classification (TSC) by
introducing the Optimal Robust Simplifications (ORS) algorithm. Our approach focuses on simplifying
time series data into straight-line segments while ensuring that these simplifications remain robust
with respect to the classifications made by a given TSC model.

Our ORS-Algorithm is model-agnostic and allows a balance between error (fidelity with respect to
the original instance), simplicity (complexity of the simplification), and robustness (fraction of local
perturbations that retain the correct classification). We prove that the ORS-Algorithm, under certain
mild conditions, finds the optimal solution in polynomial time, by a first dynamic programming stage
solving for error and simplicity, and then incorporating robustness into the solution. This simplification
process aids in making time series data more intuitive and interpretable for humans.

Our experimental results, based on UCR datasets Chinatown, Italy Power Demand, and ECG200,
confirm the practical utility of our approach. The robust simplifications provided by the ORS algorithm
make time series data more accessible to human intuition, facilitating better user understanding and
trust in the TSC models. In conclusion, our work contributes a novel method for enhancing the
interpretability of TSC models through robust simplifications.

Future research could explore other ways to compute the factors employed in the algorithm. For
instance, the squared Euclidean distance could be replaced by some other distance function, or simplicity
can depend on other aspects than only the number of segments, and robustness can be computed by
other types of perturbations. Finally, we plan to conduct experiments including human studies to
demonstrate empirically the benefits of using optimal robust simplifications to explain TSC models and
compare to related XAI methods.
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7. Appendix

7.1. Pseudo code for DP algorithm

Define a 2-dimensional DP table D[j, p| that stores the pth least costly simplification for the points
P1, ..., pj ending at p;. Set D[1,1] = 0.
Compute all D[j, p| for p > 1 as follows:
forj=1ton—1do
Initialize an empty heap H; to store triples (value, index, rank) with value being the key.
fori=1toj—1do
Hj.add(a - err(i, j) + f + D[i, 1],4,1)
if 7 # 1 then
Hj.add(a-err(1,i,5) + B8,4,—1)
end if
end for
for p=1toqdo
(Um, indexy,, rank.y,) = popmin(H;)
D[jap} = Um
if rank,, # —1 then
Hj.add(a - err(indexy,, j) + B + Dlindexy,, rank,, + 1], index,,, rank,, + 1)
end if
end for
end for
To ensure that the last segment is not required to stop at p,, but instead can be a continuation of two
other points p; and p;, go over all pairs of points and evaluate the error if we continue them to the
end.
Store these possibilities on a heap H,, and extract the ¢ best, similar to what we did previously.
Initialize an empty heap H,, to store quadruples (value, index, rank, end) with value being the key.
for j =1tondo
fori=1toj—1do
Hp.add(« - err(i,j,n) + 8+ DJ[i, 1],4,1,5)
if i # 1 then
Hp.add(«-err(1,i,7,n) + 8,4, —1,7)
end if
end for
end for
for p =1togdo
(U, indexy,, ranky,, endy,) = popmin(Hy)
Din,p] = vy
if rank,, # —1 then
H,.add(a-err(indexy,, endy,n)+ B+ Dlindexy,, ranky, + 1], index,,, ranky, + 1, end,,)
end if
end for
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Abstract. In this work, we introduce metrics to evaluate the use of
simplified time series in the context of interpretability of a TSC - a
Time Series Classifier. Such simplifications are important because time
series data, in contrast to text and image data, are not intuitively under-
standable to humans. These metrics are related to the complexity of the
simplifications - how many segments they contain - and to their loyalty -
how likely they are to maintain the classification of the original time se-
ries. We focus on simplifications that select a subset of the original data
points, and show that these typically have high Shapley value, thereby
aiding interpretability. We employ these metrics to experimentally evalu-
ate four distinct simplification algorithms, across several TSC algorithms
and across datasets of varying characteristics, from seasonal or stationary
to short or long. We subsequently perform a human-grounded evaluation
with forward simulation, that confirms also the practical utility of the
introduced metrics to evaluate the use of simplifications in the context
of interpretability of T'SC. Our findings are summarized in a framework
for deciding, for a given T'SC, if the various simplifications are likely to
aid in its interpretability.

Keywords: Interpretability - Time Series Classification - Simplifications

1 Introduction

Temporal data is encountered in many real-world applications ranging from pa-
tient data in healthcare [27] to the field of cyber security [34]. Deep learning
methods have been successful for TSC - Time Series Classification - [19,27,34]
but such methods are not easily interpretable, and often viewed as black boxes,
which limits their applications when user trust in the decision process is cru-
cial. To enable the analysis of these black-box models we revert to post-hoc
interpretability. Recent research has focused on adapting existing methods to
time series, where we can find specific methods like SHAP-LIME [12], Saliency
Methods [18], and Counterfactuals [5,?], and also combinations of these [30].
As humans learn and reason by forming mental representations of concepts
based on examples, and any machine learning model has been trained on data,
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then we believe that data e.g. in the form of prototypes and counterfactuals is
indeed the natural common language between the user and this model. However,
the basic problem is that compared to images and text, time series data are not
intuitively understandable to humans [33]. This makes interpretability of time
series extra demanding, both when it comes to understanding how users will
react to the provided explanations and to predict what explanatory tools are
best. For example, in [13] a tool was given for explainability of a TSC, that
allowed model inspection so the user could form their own mental model of the
classifier. However, a user evaluation showed that non-expert end-users were not
able to make use of this freedom, supporting the notion that time-series are
particularly non-intuitive for humans.

In [37], authors give an intriguing taxonomy of XAI for TSC, divided into
those focused on (i) Time-points (e.g. SHAP and LIME) or (ii) Subsequences
(e.g. Shapelets) or (iii) Instances (Prototypes, CF, Feature-based). Explaining a
classifier by instances like prototypes has a definite appeal, but it is a challenge
how to highlight features important for the classification, while at the same time
simplifying the instance to mitigate the non-intuitive aspects of this domain. In
[37] the authors also review the literature on XAI for TSC and of the 9 papers
they discuss on Instance-based explanations using Prototypes or Features, it is
remarkable that not a single one is specialised for Local explanations, rather
they are all Global. The algorithms we evaluate in this paper fill this gap, as
they are ways of simplifying a time series by straight-line segments®. We focus
on Piecewise-linear sketches since they keep every retained point on the true
time-and-value axes, so users can read magnitudes and slopes directly, with-
out translating bins or symbols. This matches the canonical line-chart format
that dashboards and decades of perception studies show that people understand
quickly and accurately [2,14].

We introduce metrics to evaluate the use of algorithms computing simplified
time series in the context of interpretability of a T'SC. This addresses the key
challenge that time series data, in contrast to text and image data, are not in-
tuitively understandable to humans. These metrics are related to the complezity
of the simplifications produced by the algorithms - how many data points they
maintain as a percentage of the original - and to their loyalty - how likely they
are to maintain the classification of the original time series. We first employ
these metrics to theoretically and experimentally evaluate four distinct simplifi-
cation algorithms, across several TSC algorithms and across datasets of varying
characteristics, from seasonal or stationary to short or long. We also employ
the metrics in a practical setting, doing a quantitative user evaluation, thereby
meeting a demand from the XAI research community [5,37,40], to measure how
simplifications increases the understanding that the user has of the black box
classification. Using the taxonomy of interpretability evaluation from [8], what
we do is a Human-Grounded Evaluation with Forward Simulation, to evaluate

3 Piecing together several such local explanations, say for prototypes of each class,
this can still form a global explanation of the given TSC.



Evaluating Simplification Algorithms for T'SC Interpretability 3

if simplifications are better than full time series, when using prototypes to teach
the classification used by a TSC.

Our findings suggest that using simplifications for interpretability of TSC is in
some cases much better than using the original time series. However, we discover
various cases where the trade-off between complexity and loyalty, or some other
characteristics of the given dataset and TSC, are such that simplifications are
not very useful. This happens for example when the original time series have
several data points lying on an almost straight line, in which case the human eye
seems to perform the simplification automatically, and the user interprets the
TSC equally well from original time series as from loyal simplifications. In short,
our findings suggest that simplifications can be useful when i) the TSC is not
itself easily interpretable on the original domain, ii) the simplifications are loyal
but not complex and dissimilar to the original, and moreover iii) the simplified
domain is understandable under labels from TSC on the original domain.

In the rest of this paper we first discuss related work and cover some stan-
dard definitions before presenting the metrics we will use, the four simplification
algorithms we will evaluate, the TSCs we will employ and the 40 UCR datasets
we use with their varying characteristics. We then show the results of our theo-
retical experiments, first comparing the four algorithms over a variety of dataset
characteristics, and then focusing on the best performing algorithms and eval-
uating how useful they may be for interpretability. We then report on the user
study, and based on the lessons learned we give a framework for deciding if
simplifications are likely to aid in interpretability of a given TSC.

2 Related Work

Several techniques have been applied to generate explanations from TSC models
[37,29]. Specifically, techniques previously used on Convolutional Neural Net-
works or Recurrent Neural Networks have been applied for TSC. For instance,
the authors in [30] apply to time series several XAI methods previously used on
image and text domain. They also introduce verification techniques specific to
times series, in particular a perturbation analysis and a sequence evaluation.
Another alternative is to produce explanations through examples, and these
can be specifically utilised in the time series domain. One type of this explanation
method involves giving the nearest example from the training dataset that acts
as a prototype to depict the normal behaviour of a similar sample [11]. A method
to generate prototypes for time series data using an autoencoder is presented in
[10]. The main novelty of the work is the method to generate diverse prototypes.
Given that in many cases raw time series can be too complex for humans,
several studies have tried to employ simplified versions as explanations. In [21],
the authors propose a dimensionality reduction technique for time series, called
Piecewise Aggregate Approximation, as a tool for similarity search in large time
series databases. In [22], a comprehensive survey on time series segmentation,
the authors highlight that the optimal number of segments often depends on the
underlying patterns in the data and the specific objectives of the analysis. Also,
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in [1], the authors introduce a range of piecewise-linear models and algorithms
for unknown functions. Another option is to segment time series into fixed-width
windows and employ these to justify decisions. In [31], the authors propose TS-
MULE, a model explanation method working to segment and perturb time series
data and extending LIME. A study on the effect of segmentation on time series,
in particular in the field of finance for the use of pattern matching was pre-
sented in [39]. In [32], the researchers also apply segmentation to financial time
series data, now as a preprocessing step to locate technical patterns. Similarly,
in [42], the authors employ financial time series segmentation and introduce the
Optimal Multi-Segment Linear Regression (OMSLR) algorithm. Their approach
aims to minimise the global mean square error (between the simplification and
the original time series ) for a given number of segments k.

3 Simplifications and Metrics

We first recall basic notions and then introduce the simplifications and metrics
that we will study in this paper.

Staying consistent with earlier notation [37,5] a time series T' = {t1,t2,...,t,}
is an ordered set of n real-valued observations (or time steps). Note we may also
view each t; = (z;,y;) as a pair consisting of an z-value (the time) and a y-value
(the observation), where x; < x;y1, and often z; = ¢. A time series dataset
D ={(Th,c1), (To,c2), ..., (T, cm)} is a collection of such time series where each
time series T; € R™ has a class label ¢;. Thus, for binary classification tasks
we would have ¢; € {0,1}. Given such a dataset D, Time Series Classification
(TSC) is the task of training a mapping Cp from the space of possible inputs to a
predicted class. Interpretability of TSC concerns giving a human user an under-
standing of how such a trained TSC decides on a predicted class. Exemplar-based
interpretability employs showing examples of classifications made by the TSC,
and this will allow the user to form their own mental model of the classifier. Pro-
totypes are time series exemplifying the main aspects responsible for a classifier’s
specific decision outcome. Showing prototypes is well-known in exemplar-based
interpretability.

For TSC interpretability, in particular for long time series, such prototypes
often have too much information, and we therefore focus on what we call sim-
plifications. Such simplifications have been common practice in data mining and
other related fields, and hence a wide range of simplification techniques have
been constructed to suit different needs. In our work we focus on trustworthy
and faithful simplifications. In the Experiments and Results section, we empiri-
cally show that simplifications that select a subset of original time steps as their
simplifications are more faithful to important time steps.

Hence for the purposes of this paper a simplification of a time series ts =
{t1,t2,...,t,} on |ts| = n time steps consists of dropping some of the time steps,
thus keeping only time steps at a subset S C {1,2,...,n} of time points and
replacing the rest by the points lying on the straight-line segments given by
the kept points, thus resulting in a new time series sts = {t},t5,...,t)} with
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t: =t; = (z4,y;) for i € S and otherwise t; = (z;,y;) with y; the value at x; of
the straight line between ¢; and ¢ for j < k and {j,j+1,...,k} NS = {j, k}. We
will say that the simplification sts consists of |S| — 1 segments, and we denote
its number of segments by ||sts||. The selection strategy of the specific subset of
time steps depends on the algorithm and parameters used. See in Figure 1 an
example showing a simplification with 4 segments obtained by keeping 5 time
steps (at times 0,9,13,19,23) of an original time series on 24 time steps (at times
0 to 23).

Fig. 1. An original time series (dotted line) and the simplification on 4 segments pro-
duced by RDP with parameter o = 0.2 (used to set the level of simplification)

A simplification algorithm for time series called A takes as input an original
time series ts and outputs a simplification A(¢s) on ||A(ts)|| segments. Note that
the length of A(ts) is the same as the length of ts so a classifier trained for time
series of that length can be used on the simplification A(¢s).

Definition 1. To evaluate the usefulness of a simplification algorithm A for
interpretability of a TSC Cp, we introduce the following metrics. Let P be a
representative subset of inputs, chosen randomly according to the expected dis-
tribution of inputs to Cp, and let these original inputs have length n:

— Complexity: : %I_Il’l > isep [|A(ts)|| + 1, the expected number of time points
kept in the simplification, as a fraction of the length of the original

— Loyalty: |—11,||{ts € P : Cp(ts) = Cp(A(ts))}], the expected probability that
the simplification has the same classification as the original

— Kappa loyalty: =L where py = ﬁ > isep HCp(ts) = Cp(A(ts))] is the
relative observed agreement, and pe =Y ..~ Pcp(c) - Popacy(c) is the hy-
pothetical probability of chance agreement




6 B. Havardstun et al.

Thus complexity is a value between % (when all simplifications of instances
in P are on a single segment) and 1 (when all simplifications are the trivial one
which does not remove any time step from the original), while loyalty is a value
between 0 (when all simplifications are classified by Cp as different from the
original ones) and 1 (when complete agreement, all simplifications are classified
the same as the original ones). The Kappa loyalty [3] will have a maximum value
of 1 when we have complete agreement, a value of 0 if the agreement is no better
than chance, and below 0 if a tendency for different classes. Kappa was used as a
performance metric as it accounts for agreement occurring by chance, providing
a more robust measure than accuracy, particularly in the presence of class im-
balance. Note that when using a simplification algorithm for interpretability of
TSC, showing the simplifications to a user, then low complexity should allow a
more easy focus on important features. Regarding loyalty, let us first emphasize
that what we intend to teach the user are the patterns discovered by the TSC
in classifying original time series. If we show the user simplified time series with
Kappa loyalty 1 then nothing has been lost, since whatever the user learns from
the simplifications carries over to the original. Note that we can expect this to
happen for some complexity below 1, when all such simplifications retain the
classification of the originals. However, if we show the user simplifications with
loyalty A < 1 then what the user learns does not fully carry over to the original,
and we will take this into account when evaluating its utility. When applying
simplifications we are thus searching for a sweet-spot between high loyalty and
low complexity, to maximize the users ability to learn the patterns actually used
by the TSC.

4 Simplification Algorithms

We briefly describe the four simplification algorithms we have chosen to focus
on. Although they are quite distinct, they share a number of properties, which
will allow for a fair comparison:

— their input consists of an original time series, given by n points

— their output is a simplification given by a subset of input points

— they have a parameter a and increasing its value will monotonically decrease
number of segments in output, from n — 1 to 1.

4.1 Ramer-Douglas-Peuker

RDP is a recursive algorithm introduced in [28,9]. Given n points py, ..., p, select
a point pg with the largest distance to the straight line between the first point
p1 and last point p,. If the distance to pg is no more than «, then we are in
a base case and return the two points p; and p,. If the distance to pg exceeds
a, then recursively process the two sequences of points formed by pq, ..., pq and
Dds ---s Pn- The implementation ([15]) used for RDP has runtime O(nlogn).
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4.2 Visvalingam—Whyatt algorithm

VW is an iterative algorithm introduced in [38]. It computes areas of triangles
formed by successive triples of points a, b, ¢; in each iteration, the middle point
b with the smallest associated triangle is removed, the area of neighbouring
triangles is recomputed, and the process is repeated. The process stops when
the area of the smallest triangle exceeds «. The implementation of VW we use
[17] has runtime O(nlogn).

4.3 Bottom-Up

BU is based on an iterative algorithm as described in [20] with the same name.
We slightly modified the algorithm from [20] so that it adheres to the simplifica-
tion algorithms we study here - selecting subsets of original time steps. Initially
each time point is viewed as a trivial seg (a special segment), and in each iter-
ation we merge two consecutive segs A and B (if A ends in time step k then B
starts in time step k + 1) with the merged seg AB represented by a straight line
going from the start of A to the end of B (in original BU the segment AB would
be represented by the Least Square Fit over this area). The two segs merged into
some AB in any iteration should have lowest error, which is the sum over each
time point ¢ within AB, of the absolute value of the difference between the value
of the original time series at ¢ and the value of the AB line at ¢t. We stop when
the lowest error exceeds «, with s segs S1, So, ..., S5 such that if S; ends in k then
Si+1 starts in k + 1, and we return the corresponding simplified time series of
length 2s. While the resulting simplification has only s segs, if we add the gaps
between consecutive segs we get 2s — 1 ordinary segments. Our implementation
of BU has runtime O(nlogn).

4.4 Optimal Simplification

OS is a dynamic programming algorithm introduced in [36]. It finds the piece-
wise linear simplification (extending the first and last of its segments to the start
and end respectively) that minimizes the sum of: Squared Euclidean Distance to
the original time series plus a times the number of segments used. Our imple-
mentation of OS has runtime O(n?). Note that, in contrast to the other three
algorithms, it finds the optimal simplification for a given «, rather than just
being a greedy algorithm, however this leads to it being more time consuming.

4.5 Normalized complexity parameter

To ensure uniformity we alter each of the four simplification algorithms so that
it has a normalized complexity parameter called «.. This parameter will range
between a minimum of 0 (corresponding to a high value of « giving a small
number of segments as output) and a maximum of 1 (corresponding to a low
value of « giving a high number of segments as output).
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5 Datasets and Classifiers

5.1 Datasets Selection

The UCR repository [4] contains 128 datasets for univariate TSC. Their features
cover problems from binary up to 52-class classification, with time series lengths
ranging from 15 to 2,700 data points. Given that the datasets come from a wide
range of domains, such as sensors, medical devices, or traffic, the characteris-
tics of these datasets are diverse. Most datasets come with predefined splits for
training, and test sets.

To keep runtime manageable, we included only UCR datasets with time series
of length less than 200 data points. This has resulted in 40 datasets of varying
length, class and domain. See Table 4 for details on the 40 chosen datasets.
Additionally, we categorize each dataset by stationarity, seasonality, and entropy,
enabling in-depth analysis of how different simplification algorithms perform
under varying data characteristics.

5.2 Feature Characterisation

The Augmented Dickey Fuller (ADF) test [7] is a statistical test used to deter-
mine the presence of a unit root in the series, thus determining if a time series
is non-stationary. We set the significance level at 0.05 and apply the test to each
instance: if the p-value is below it, we reject the null hypothesis that a unit root
is present in the time series and label that instance “stationary”; otherwise, we
label it “non-stationary.” At the dataset level, we declare a dataset “stationary”
if at least 80% of its instances are stationary (supermajority), “non-stationary”
if at most 50% are stationary (simple-majority), and “partially-stationary” when
the proportion lies between these thresholds [41].

The autocorrelation function (ACF) measures the correlation of a time series
with a lagged version of itself. We utilise an extension that uses Fast Fourier
transform (FFT) convolution to make ACF faster and more suitable for longer
time series. A dataset is considered to be seasonal if most of its instances have
a correlation coefficient greater than 0.4, thus being seasonal. This cut-off was
decided empirically by visually inspecting the time series.

Approximate entropy [26] is a technique used to quantify the unpredictability
of fluctuations in time series. This returns a continuous value between 0 (low
entropy) and 1 (high entropy), which will determine the entropy of the time
series. To obtain the entropy of a dataset, we obtain the mean entropy over
all instances. To facilitate the analysis, we discretize the entropy scores into
three equal-frequency bins. We determine the breakpoints to be 0.23 and 0.33.
Instances with entropy up to 0.23 are labelled as low entropy, those between 0.23
and 0.33 as medium entropy, and those above 0.33 as high entropy.

5.3 Classifiers

Different types of classification algorithms are used for TSC. Throughout the
literature, the most common algorithms are:
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— Logistic Regression: A linear model that estimates the probability of each
class using weighted input features; it is simple, interpretable (white-box),
and best suited for linearly separable time series. We use scikit-learn’s Lo-
gisticRegression [25] with its default L2 penalty and solver.

— Decision Trees: A non-linear, rule-based model (white-box) that recursively
partitions the feature space to make decisions. Capable of handling complex
relationships and capturing non-linearities in time series, but prone to over-
fitting. Implemented via scikit-learn’s DecisionTreeClassifier [25] using the
Gini impurity criterion and no maximum-depth constraint.

— k-Nearest Neighbour (kNN): A non-parametric method that classifies a time
series based on the majority label among its closest examples in the train-
ing set. It can be interpretable (white-box), but its decisions can become
less transparent with higher dimensionality. We leverage tslearn’s KNeigh-
borsTimeSeriesClassifier [35], configured with k = 5 and distance-weighted
voting.

— Convolutional Neural Networks (CNN): A deep learning architecture that au-
tomatically extracts and learns hierarchical features through convolutional
filters is highly effective for discovering patterns in time series data. However,
it is considered a black-box due to its complex and opaque decision processes.
Our networks are built in PyTorch consisting of three 1D convolutional lay-
ers, a global pooling layer, and a final fully-connected classification layer;
trained with the Adam optimizer and cross-entropy loss.

— Linear Classifiers using Random Convolutional Kernels (Rocket): Generat-
ing a large number of random convolutional kernels to transform time series
and then using the transformed features to train a linear classifier, has been
shown to achieve state-of-the-art accuracy for TSC. The Rocket [6] method
is in addition significantly faster than any other method of comparable ac-
curacy. We use the RocketClassifier implemented in Sktime[23]

We first check all five classification algorithms to see which is most suited.
Prior to training, we normalize both training and test sets. For datasets that
do not have a validation set, we split off 20% of the training data and use it
for validation. We then fit each model on the normalized training data using
default hyperparameters, and validate its performance using the validation set.
We evaluate these five widely-used TSC algorithms, which span the spectrum
from simple, interpretable white-box models to black-box deep learners. The
accuracy on the validation set shows that Rocket emerges as the best-performing
model across our benchmark. Interpretability of Rocket for TSC is a challenge
because it uses thousands of random convolutional kernels making it difficult
to understand which features are truly important. Hence we view Rocket as a
black-box model where interpretability is key, and focus exclusively on it in the
rest of the paper, as it is a state-of-the-art TSC and interesting for applying
simplifications.
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6 Experiments and Results

It follows from the previous discussion (see Simplifications and Metrics section),
where we introduced our metrics, that for interpretability of a classifier Cp we are
seeking simplification algorithms that have low complexity and yet at the same
time high loyalty, or rather high kappa loyalty taking into account imbalances
in the distribution between classes.

We start this section with a small experiment* showing that simplifications
that use a subset of the original time points as pivot points, rather than in-
troducing pivot points that do not exist in the original time series, are more
faithful and will improve trustworthiness, as the pivot points retained are often
high-impact time steps. In the following part of this section, we then investigate
which of the four simplification algorithms have the best complexity versus loy-
alty performance, and we will do this over a variety of characteristics of dataset,
while focusing exclusively on the Rocket classifiers (see Datasets and Classifiers
section). In the last part of this section, we focus on the simplification algorithms
having the best performance and show that the actual values we get for loyalty
versus complexity are very good.

6.1 Faithfulness of the simplification algorithms

We conduct a small experiment comparing the four simplification algorithms
RDP, OS, VW, BU with the two algorithms SLS (Segmented Least Squares) and
PAA (Piecewise Aggregate Approximation) - that are not restricted to selecting
a subset of original data points - to see how faithful they are in retaining as
pivots those data points that are most important for the classification. SLS is
a Piecewise Linear Approximation, but it uses the least square method to find
the straight line minimizing Euclidean distance over a segment which may lead
it to create new y-values for the pivot points, instead of selecting subsets of the
original data points. PAA creates fixed sized windows, and replaces this area
with the aggregate mean which again may lead to not choosing original data
points.

It is well known that Shapley values accurately describe how important each
data point is for classification of a time series, and so Shapley values are our fo-
cus. We measure two things: - how often the data point with maximum Shapley
value is chosen as pivot, and - how many data points have higher Shapley value
than the chosen pivot point of highest Shapley value. Our experiment focused
on three datasets of different lengths Chinatown (length 24), SonyAIBORobot-
Surfacel (length 70) and ECG200 (length 96), using the Rocket classifier. For
a fair comparison we ensure that all six algorithms output approximately the
same number of segments (7 out of 24 for Chinatown, 9 of 70 for Sony, and 12
of 96 for ECG200). For each dataset and each algorithm, we iterate over each of

4 Code for this and later experiment can be found at https://github.com/femartip/
XAI_time_series
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the 100 selected time series in the dataset and collect the data necessary for our
observations, using KernelExplainer[24] to compute Shapley values.

As shown in Table 1, RDP achieves the highest average performance, selecting
the data point of highest Shapley value 28% of the time, and on expectation there
will be 4 data points having higher Shapley value than the highest chosen. As
expected, the four simplification algorithms in our study significantly outperform
the two alternative methods that are not restricted to picking original data
points. Indeed, SLS selects the most important data point only 10% of the time,
while PAA fails to do this entirely. However, it happens over 20% of the time that
SLS picks a pivot point at a time step = where the (z,y) data point has highest
Shapley value, with SLS using some (z,y’) as pivot. In these cases, the average
error of SLS in the y-coordinate is not more than 0.02, which may often be
acceptable. For PAA the similar values are not quite so good, being 10% and 0.94,
respectively. We conclude that our choice of looking at simplification algorithms
that retain original data points is sound when viewed from the perspective of
wanting to include pivot points important for the classification.

Table 1. Assuming (z,y) has highest Shapley value, MAX SHAP gives expectation
that (z,y) is selected as pivot, while CorrectX is expectation that (x,y’) is a pivot for
any ¢, and Dist gives expected deviation of such 3’ from y, thus lower is better. Rank
shows Shapley rank of the pivot with highest Shapley value, thus low value is better.

Algo [IMAX SHAP 1|CorrectX 1|Dist ||Rank |
RDP 28.0% 28.0% 0.0 4.68
(ON] 24.0% 24.0% 0.0 | 4.24
VW 20.0% 20.0% 0.0 | 4.78
BU 20.0% 20.0% 0.0 | 4.78
SLS 10.0% 20.0% 0.02 | 8.0
PAA 0.0% 10.0% 0.94 | 10.7

6.2 Comparing four algorithms

For the main experiments we have the 4 simplification algorithms BU, OS, VW
and RDP with normalized complexity parameter «., and we also have a Rocket
classifier Cp for each of the 40 normalized time series datasets D. The Rocket
classifier achieves an average accuracy of 88% across all datasets in the test sets.
For each pair of a simplification algorithm A and a classifier Cp (for a dataset
D) we want to evaluate the interplay between loyalty and complexity, and do
this as follows:

— Pick 100 instances P at random from the dataset D, preserving the original
fraction of instances from each class
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— Loop over 100 values of the complexity parameter a., from 0 to 1 in steps
of 0.01.
— For each instance ts € P and each value of «,, we run A to get the simplifi-
cation sts = A(ae, ts).
— We record two things:
o (||sts|| +1)/|ts|, to compute complexity
e Cp(ts) == Cp(sts), (True or False) to compute loyalty
— For each value of a., over all 100 ts € P, we then compute the complexity,
loyalty and kappa loyalty as per Definition 1:
e the average complexity in the 100 simplifications having this value of a
e the percentage of loyal simplifications, also called agreement
e Cohens kappa value for the loyalty agreement (which takes into account
unbalanced classes)

1.0 |
(100%)

0.8 |
(90%)

0.6 |
(80%)

Kappa Loyalty
(% Agreement)

0.4 |
(71%)

0.2 |
(61%)

-0.0 |
(52%)

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0
(1.0) (14.55) (28.4) (41.24) (54.02) (69.0)
Complexity
(Abs. Num. Segments)

Fig. 2. SonyAIBORobotSurfacel dataset: Plot of Kappa loyalty (percent loyalty in
parenthesis) versus Complexity (average number of segments in parenthesis) of the
Rocket classifier, for all 4 simplification algorithms.

After doing the above we have, for each triple (A, a., Cp) of algorithm, com-
plexity parameter and classifier, 100 values of kappa loyalty and complexity,
one for each instance in P. For each algorithm and classifier pair (A,Cp), to
visualize the results of these 10.000 simplifications (100 instances in P times
100 distinct values of «.) we plot a curve. See Figure 2 showing kappa loyalty
(loyalty in parenthesis) versus complexity (number of segments in parenthesis)
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Table 2. AUC values for the 4 algorithms on the Rocket classifier. In the top row
(Mean), we see that on average over all 40 datasets, OS achieves the highest value. The
other rows display an average across datasets of varying characteristics.

Metric OS |RDP|BU |VW [Datasets
Mean 89.57(88.65 [82.23(87.92|40(all)
Binary 91.36(90.71 |86.49|89.72|18
Multiclass (>2) 88.10(86.97 |79.63|86.45(22
Stationary 85.06(83.97 |79.32(82.08|7

Non-Stationary 90.40(89.55 |82.71(89.10|30
Partially-Stationary|91.71(90.62 |84.22|89.76|3

Seasonal 95.90(94.73 [90.21(95.52|8

Non-Seasonal 87.98|87.13 |80.08|86.02|32
Low-Entropy 91.83(90.01 (84.57(90.57|14
Medium-Entropy [88.53(87.59 |79.41(86.09|12
High-Entropy 88.19 [88.20(82.24|86.84|14

for all 4 simplifications algorithms on Rocket classifiers Cp on the representative
datasetSony AIBORobotSurfacel. Note that loyalty stays high even for quite low
complexity values, and this is typical for most of the 40 datasets.

To compare the performance of the four simplification algorithms, we measure
the AUC - Area Under Curve - as a value between 0 and 100, of the 40 such
kappa loyalty versus complexity curves for each simplification algorithm. In Table
2 we show in the first row the average AUC for each of the four algorithms,
and it is clear that OS and RDP have the best performance on average. The
table also shows the average performance on classifiers for datasets of various
characteristics, like Number of Classes, Stationarity, Seasonality and Entropy.
We see that datasets that are Non-Stationary, Seasonal and with Low Entropy
achieve higher AUC values.

We also measured performance of the four simplification algorithms at fixed
loyalty values of 0.8, 0.85, 0.9, 0.95 and 1.0. In Table 3 we see that again OS
has the best performance, with a resulting best average complexity of 0.15 at
loyalty 0.9 and 0.35 at loyalty 1.0, which means that the time points kept in the
simplification at these high loyalty values is on average 15% and 35%. This is a
very good indicator that simplifications are useful in interpretability of TSC, in
particular the fact that OS simplifications keeping only 35% of the points often
have loyalty 1.0, i.e. with simplified time series not altering its classification.
In Table 4 we show the average number of segments of the simplifications, at
various loyalty values, for both OS and RDP, for all 40 datasets.

6.3 A closer look at OS and RDP

We have seen that the OS algorithm has the best average performance and also
that RDP has the best average performance out of the three faster O(nlogn)
algorithms. For these two algorithms, OS and RDP, we consider the following
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Table 3. Average Complexity values for the 4 algorithms on the Rocket classifiers.
Over all the loyalty values we see that OS performs best and RDP second best.

Loyalty |OS [RDP|BU[VW
0.8 0.11[0.12 |0.18[0.12
0.85 0.13[0.14 0.21]0.14
0.9 0.15[0.17 [0.27]0.17
0.95 0.19]0.23 [0.37[0.24
1.0 0.35]0.56 |0.74[0.64
No Simp.|1.0 [1.0 [1.0 |[1.0

question over a variety of dataset characteristics: for exactly what values of
loyalty is the complexity low enough that the user may benefit from seeing the
simplifications?

Let us also mention that we have been experimenting with a tool for inter-
pretability of a TSC Cp using the OS and RDP simplification algorithms.

The user selects an algorithm, say RDP, and a loyalty value, say 90%, and
the tool will first find the minimum «, value so that RDP with this parameter
value has expected loyalty at least 90%. In the next step, prototypes for the
classification of dataset D by Cp are computed, say two sets Py and P; for D
being binary. In the final step, instead of showing these prototypes to the user,
we show the simplifications RDP(a., ts), for each ts in Py and Py, together with
the class Py or P; that it belongs to. This way the user can make his or her
own mental model of how Cp makes its classification. As stated above, the main
question is if the number of segments in these simplifications is small enough that
the user is willing to pay the price of the loyalty being only 90%. Clearly, this will
depend on the length of the original time series, with shorter time series having
fewer segments in their simplifications. In Figure 3 we address this question, by
showing complexity (fraction of time points kept in the simplification) across
various times series lengths and how this varies as the loyalty values vary, for
OS simplifications. Even for loyalty 1.0 we see that the simplifications mostly
result in a complexity of less than 0.6, i.e. a 40% reduction in the number of time
points. This is an indicator that simplifications are useful in interpretability of
TSC, and may be caused by the original time series having several consecutive
data points lying on almost straight lines. Note the steep value at time series
length 166, which corresponds to the dataset ChlorineConcentration. In Table 4
we see that this dataset indeed has a very high number of segments for loyalty
values (times 100) of 90, 95 and 100.

7 End-user evaluation with forward simulation

As time series are notoriously difficult for human users, most of the human
evaluations of XAI methods done so far have been qualitative and involving
domain experts. Our goal in this work has been to add the new dimension of
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Table 4. 40 UCR datasets. The first 5 columns denote Cl. (class length), Len. (length
of time series) , Stat. (stationarity), Seas. (seasonality) and Entr. (entropy). The next
4 show average number of segments in the simplifications produced by OS, on the
100 instances chosen randomly, for loyalty values (times 100) of 90 to 100. The last 3
columns show the same for RDP.

OS | OS|OS ||RDP|RDPRDP

Name Cl.Len.|Stat. Seas.Entr. 90l 95! 100l 90! 95! 100
Adiac 37176 |True |True |0.27 28.5| 43.4| 66.1| 94.6{134.8(175.0
BME 3 |128 [False |True|0.12 6.3| 6.6] 7.6|| 5.7| 6.4 17.0
CBF 3 [128 |False |False|0.83 || 32.8| 35.0| 43.1|| 20.4| 23.3| 32.9
Chinatown 2 |24 |False |False|0.23 23| 24| 8.3 4.1| 4.6] 12.3
ChlorineConct 3 |166 |True |False|0.78 [/109.4]/118.0(148.0({127.9|146.4|165.0
Crop 24 |46 |False |False|0.37 15.7] 19.2| 29.0|| 15.9| 24.5| 41.2
DistalPhxOutlAge |3 |80 |False |False|0.27 || 10.8| 13.7| 58.7|| 8.7| 17.2| 70.9
DistalPhxOutlCor |2 (80 |False |False|0.30 9.7| 10.5| 59.8|| 9.9| 13.6| 72.0
DistalPhxTW 6 (80 |False |False|0.27 || 18.1| 22.6| 36.5|| 17.8| 28.9| 69.8
ECG200 2 |96 |False |False|0.46 4.6/ 7.0] 20.4|| 5.2| 6.3| 404
ECG5000 5 |140 |False |False|0.24 4.7 59| 9.5|| 5.8/ 6.2 29.9
ECGFiveDays 2 |136 [Partial|False|0.20 6.1/ 6.6] 8.8/ 6.6/ 6.9| 7.8
ElectricDevices 7 196 |Partial|False|0.29 || 25.8| 31.4| 48.4|| 28.0| 37.7| 50.4
FaceAll 14 {131 |True |False|0.58 || 21.7| 30.6| 73.5|| 20.9| 30.0|129.3
FacesUCR 14 131 |True |False|0.55 || 16.3| 18.7| 28.3| 19.4| 22.1| 26.4
GunPoint 150 |False |True|0.11 5.3 6.0 7.8| 6.2/ 7.2/ 10.1

2
GunPointAgeSpan |2 [150 |False |True|0.13 4.6| 5.4| 14.9|| 4.9] 8.1|148.9
GunPointMalVsFem|2 |150 |False |True|0.12 5.1| 5.5| 8.9|| 4.6/ 5.8| 6.6
2
2

GunPointOldVsYou 150 |False |True |0.12 5.4 6.4 87| 6.7 7.7] 13.9
ItalyPowerDemand 24 |False |False|0.24 4.4] 49| 12.6|| 4.2| 5.2| 144
Medicallmages 1099 |False |False|0.18 9.0| 12.6| 35.3|| 17.8| 42.0| 98.0

MiddlePhxOutlAge [3 |80 |False |False|0.23 || 17.5| 35.3| 49.0|| 29.6| 35.9| 77.9
MiddlePhxOutlCor |2 [80 |False |False|0.24 || 17.8| 19.1| 28.8|| 17.8| 22.9| 77.3
MiddlePhxTW 6 |80 |False |False|0.25 26.6| 31.6| 64.1] 28.1| 35.4| 71.2
MoteStrain 2 |84 |False [False|0.31 4.0/ 7.6| 15.2|| 6.6| 7.8 82.2
PhalangesOutlsCor |2 [80 |False |[False|0.25 || 11.8| 13.7| 24.1|| 16.2| 19.4| 30.7
Plane 7 |144 |False |False|0.35 8.2| 8.6] 9.0|| 9.0/ 9.3] 14.9
PowerCons 2 |144 |False |False|0.36 12.4| 20.2| 48.5 9.5 16.7(133.2
ProxPhxOutlAge |3 |80 |Partial|False|0.24 9.6 17.8| 39.6|| 13.6| 21.8| 65.2
ProxPhxOutlCor 2 |80 [|False |False|0.23 16.2| 22.3| 41.1|| 20.5| 28.2| 63.3
ProxPhxTW 6 |80 |False [|False|0.23 || 10.8] 16.0| 30.8| 14.7| 25.6| 67.8
SmoothSubspace 3 [15 |False |False|0.04 5.5 6.7 9.9|| 6.0 7.0| 10.9
SonyAIBORobotS1 |2 |70 |True |False|0.35 || 11.6| 15.6| 26.4|| 11.6| 16.0| 31.3
SonyAIBORobotS2 |2 |65 |True |False|0.38 7.7 8.7 12.6|| 8.1| 9.2| 22.6
SwedishLeaf 15 (128 |False |True|0.42 11.2| 15.5| 53.0|| 11.1] 17.1] 43.1
SyntheticControl 6 (60 |False |False|0.46 || 10.1| 12.4] 19.3|| 8.6 9.7| 20.6
TwoLeadECG 2 |82 |False [False|0.33 6.7| 8.4| 10.9] 79| 85 94
TwoPatterns 4 [128 |True |False|0.70 9.7| 10.4| 11.0|| 7.4] 7.9| 12.5
UMD 3 |150 |False |True|0.12 7.0 7.9] 24.5| 7.3| 9.8| 34.7
Wafer 2 |152 |False |False|0.13 7.4 8.1] 11.0]] 8.4] 9.0| 14.3
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Complexity vs. Length OS

1.0
—— O0S by >= 80
—— 05 by >= 90
—— 0S by >=95
0.8 4 —— 0Sby =100
—== 10 Segments
> 0.6 1
£
x®
[ 4]
a
£
O 0.4 1
0.2 1
0.0 T T T T

T T T T T
20 40 60 80 100 120 140 160 180
Length

Fig. 3. OS Algorithm: Complexity versus time series length for 4 loyalty values (times
100) from 80% to 100%, over all 40 datasets. The dotted line shows where simplifications
on 10 segments would lie. Note that even with loyalty 1.0 we usually achieve complexity
below 0.6. The steep value at length 166 is for the ChlorineConcentration dataset.

user evaluations involving end-users, i.e. non-experts, on the use of simplifications
for interpretability of TSCs. In this section we present an end-user evaluation
with forward simulation, i.e. where participants will be trained on prototypes
from each of the TSC classes, and then tested by being asked to guess classes
of random instances. We first present the 4 datasets chosen for the evaluation,
discuss the format of the training and testing stages, and give the results of the
evaluation.

Table 5. Summary of the datasets employed in the evaluation. For each dataset, we
report the number of classes, the length, the test accuracy (wrt Ground Truth) obtained
by the Rocket model, and the selected loyalty thresholds Loy and number of segments
(#Segs) corresponding to Knee Low and Knee High.

’Dataset ’Cl.’Length’ acc’ K.Low:Loy(#Seg)’K.High:Loy(#Seg)’
Chinatown 2 24 |98 0.72(1.0) 0.92(2.4)
ECG200 2 96 |96 0.82(3.1) 0.97(7.7)
SonyAIBORobotSurfacel| 2 | 70 | 90 0.90(11.6) 0.96(15.9)
UMD 3| 150 | 94 0.95(7.9) 0.99(13.6)

Since our survey participants are not domain experts and time series are no-
toriously non-intuitive to humans we want univariate datasets with a binary or
ternary classification. Moreover, we want to cover a good spread of character-
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istics, also regarding Stationarity, Seasonality and Entropy. We chose the four
datasets in Table 5. The majority of the 40 UCR datasets are neither Stationary
nor Seasonal, and both Chinatown and ECG200 belong here, with the first hav-
ing low entropy and the second having high entropy. The chosen Sony dataset
is Stationary but not Seasonal, whereas UMD is the opposite. Further details of
these datasets can be found in Table 5. We also include the accuracy obtained
by the Rocket TSC on the test set. For these datasets, we used the training/test
split defined in the repository.

We also chose four simplification levels for the survey, as follows. Firstly, we
are comparing against original time series, so we need a level with No simpli-
fication. Secondly, we use the simplification with lowest complexity that still
achieves max loyalty of 1.0, and call this L1.0. Thirdly, looking for a sweet spot
of loyalty versus complexity we inspect the AUC curves and pick points where
the second derivative seems to change sign. The highest such point we call Knee
High, and the second highest is called Knee Low. As an example, Figure 4 shows
the complexity-loyalty curve for Chinatown using the OS algorithm with the 4
chosen simplification levels highlighted. These loyalty values are also given in
Table 5.

Chinatown
w 1.0
c
(0]
&
80'8
(o)
<
%0-5 . 1072
b= + L0.95
§0.4 e L1.0
2 e NoSimp:L1.0
0 5 10 15 20

Number of segments

Fig. 4. Complexity-loyalty curve for Chinatown using the OS algorithm. Four points
have been manually selected, covering: the original dataset without simplification, the
point of lowest complexity for a loyalty of 1.0, one point we call High Knee, and one
point we call Low Knee.

We thus have 16 different user configurations, 4 datasets by 4 simplification
levels, as shown in Table 6. Each participant will be shown 4 user configurations,
ensuring that these are from 4 distinct datasets and 4 distinct simplification
values, i.e. with 4 participant groups forming a 4 by 4 Latin square. For each of
these 4 configurations the participant is shown one page with 3 prototypes per
class, and at the same time one page with 10 random test instances, see Figure 8
in the Appendix for an example. Prototypes are selected by applying KMedoids
with Dynamic Time Wrapping (DTW) obtaining the medioids of each class [16].

It is important to note the following. For TSC C, simplification algorithm
A, and an original time series ts taken from dataset D, when we show the user
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a prototype or test instance A, (ts) we consider it to be in class C(ts). The
loyalty A of the triple (C, A,, D) is the probability that C(A,(ts)) = C(ts).
Thus, when A < 1.0 those two classifications can differ which could lead the user
to misinterpret properties of the classifier on original time series, and we will
take this into account when evaluating our results.

7.1 Evaluation results

In total, we had 19 voluntary participants, who were students in a university-
level informatics course, none of whom received compensation. The participants
were presented with the survey and freely chose to participate. The participants
were randomly divided into the 4 survey groups. They were asked to answer 10
test questions on each of 4 configurations. We ensured that participants spent at
least 15 minutes on the complete survey. In Table 6 we see the absolute accuracy,
i.e. the percentage of correct test answers, on each of the 16 configurations.

Table 6. Evaluation Results. Mean human accuracies (in %) for each dataset and
simplification level. Values are given as mean + half of the 95 % bootstrap confidence
interval (CI) across participants.

‘Dataset ‘ Knee Low ‘Knee High‘ L1.0 ‘ No Simp. ‘
Chinatown 78.0% £6.0 | 82.5% 3.8 |76.0 % +15.0{66.0 % £ 14.0
ECG200 68.0% £12.0{72.0% +12.0| 72.0% £ 8.0 | 72.5% £+ 3.8
SonyAIBORobotSurfacel| 67.5 % 4 3.0 {72.0 % 4 10.0(76.0 % £ 15.0|78.0 % £ 10.0
UMD 98.0 % £ 3.0 |100.0 % 4-0.0/100.0 % £ 0.0| 96.0 % + 6.0

As discussed earlier, our goal is to teach the patterns discovered by the TSC
C in classifying the original time series. However, when we consider the class
label of an original time series attached to a simplified time series with loyalty
A < 1 then what the user learns does not fully carry over to the original. For
example, if A = 0.8 then there is 80% chance that the simplified instance A(ts)
is classified the same as the original instance ts, so whatever the user learns
has an 80% chance of being useful for understanding the patterns used by C' in
classifying the original time series. Hence we need to multiply the absolute user
accuracies by the loyalty values to obtain the correct loyalty-adjusted accuracy
with regards to the goal of understanding the TSC on the original time series.

Table 7 shows the loyalty-adjusted accuracies of the human subjects, on the
16 configurations, with values in bold showing the max scores. For Chinatown
simplifications seem to be useful, either at the Knee High loyalty value 0.92,
or at L1.0 loyalty value 1.0. However, for the other three datasets ECG200,
Sony AIBORobotSurfacel and UMD, simplifications do not seem to help. In the
next section we reason carefully about why simplifications help or not for these
four datasets, and use this as a starting point for a general discussion involving
also other datasets among the 40 covered.
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Table 7. Evaluation results. Mean loyalty-adjusted human accuracies (in %) for each
dataset and simplification level. These are achieved by multiplying absolute accuracy
from Table 6 with loyalty from Table 5.

‘Dataset ‘Knee Low‘Knee High‘ L1.0 ‘No Simp.‘
Chinatown 56.6 75.9 76.0 66.0
ECG200 55.8 69.8 72.0 72.5
SonyAIBORobotSurfacel 60.8 69.1 76.0 78.0
UMD 93.1 99.0 100.0 96.0

Fig. 5. ChlorineConcentration: Plot of kappa loyalty versus Complexity of the Rocket
classifier, for all 4 simplifcation algorithms.

8 A framework for evaluating the utility of simplifications

In this section we present a framework giving a rule-of-thumb to decide if a
simplification algorithm A (over various « values) is useful for interpretability of
a TSC C on a dataset D. The four datasets covered in our user study, together
with other selected datasets among the 40 investigated, will act as instructive in
explaining our reasoning that leads to the flowchart presented in Figure 7.
UMD dataset: Human accuracy on the original time series (No simpl) is a
very high value of 96% and so we cannot hope that simplifications improves this
by much. Figure 8 in the Appendix shows the user survey for this configuration
and it is indeed easy for the human eye to see the patterns of the classifier. This
observation is generalized and forms the first box in the flowchart in Figure 7.
ChlorineConcentration dataset: This dataset is responsible for the steep
value in Figure 3. Also table 4 and also Figure 5 show that as we decrease loy-
alty the complexity values remain high. In that case we do not expect loyalty-
adjusted accuracies to be better for simplifications than for No simplifications,
as few data points have been removed. This observation is generalized in the
second box of Figure 7.

ECG200 dataset: Figure 6 shows a prototype time series from the survey su-
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ECG200 class 0

Fig. 6. Figure showing the overlap between NoSimplification in black and the simplifi-
cation at L1.0 in red. This instance is one of three prototypes from class 0 of ECG200
shown to the participants in the user survey, with some users seeing the black and
other users seeing the red

Table 8. Human Proxy Classifier. Accuracy /loyalty-adjusted accuracy for logistic re-
gressor trained on the same task as human participants face in the survey. Note that
we expand training and testing sets for the logistic regressor compared to the human

survey.
Dataset Knee Low [Knee High L1.0 NoSimp
Chinatown 100% / 72%|87% / 82%|93% / 93%|93% / 93%
ECG200 80% / 66% |77% | T4%|80% / 80%|80% / 80%
SonyAIBORobotSurfacel| 50% / 45% |50% / 48%|50% / 50%|50% / 50%
UMD 83% / 79% |83% / 82%83% / 83%|83% / 83%

perimposed with its L1.0 simplification. Even though the latter has retained only
22 of the original 96 data points, the Euclidean distance (error) between the two
is very low. This means that a human user will probably not do much worse on
No Simpl than on L1.0, as the human eye in any case will tend to straighten out
a series of consecutive almost collinear points. This observation is generalized in
the third box of Figure 7.

SonyAIBORobotSurfacel dataset: This dataset passes the first three boxes
in the flowchart, but the human accuracy levels in Tables 6 and 7 are highest for
No simplification. Could we have discovered this was likely to happen without
doing a human user study? Yes, we could train a simple classifier (as proxy for
human user) on the exact same task facing the human user in the various con-
figurations and see how well it does. Table 8 shows results of a logistic regressor
on the 16 configurations in the survey. Note the chosen Sony dataset is the only
one of consistently low accuracy. We assume a human would also have problems
and this observation is generalized in the fourth box of Figure 7.

Chinatown dataset: It passes all the tests mentioned above and therefore our
rule-of-thumb tells us that the simplifications are probably useful for human
interpretability.
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Let us remark right away that for simplicity of presentation purposes we
have made the above discussion and the flowchart in Figure 7 somewhat simpler
than reality dictates. Rather then clearcut Yes/No answers there will sometimes
be propensities. For a concrete triple of simplification algorithm A, TSC C and
dataset D, these propensities may or may not add up to a recommendation for
using the simplifications in interpretation.

Fig. 7. A flowchart to estimate if a certain simplification algorithm A over various
parameter values o will improve the interpretability of a TSC C' on a dataset D.

9 Conclusion

We have introduced metrics like complexity and loyalty, see Definition 1, to
evaluate the use of simplification algorithms in interpretability of Time Series
Classifiers. Human perceptual studies [2,14] show that people read line-slope and
point-position with near-bar accuracy, whereas decoding symbols or averages is
slower and less precise, and this supports our choice of using simplifications. We
have applied these metrics to evaluate four simplification algorithms on Rocket
classifiers for 40 datasets from the UCR repository [4]. The theoretical results
show that the OS (Optimal Simplification) and RDP (Ramer-Douglas-Peuker)
algorithms have the best performance®. The OS algorithm has time complexity
cubic in the length n of the original time series, and hence the O(nlogn) RDP
algorithm would be preferable for very long time series.

Our results contribute to an understanding of when simplifications can be
useful for interpretability of TSC. We performed a practical user evaluation with
forward simulation. We used our findings to arrive at a flowchart that employs the
introduced metrics of complexity and loyalty to estimate whether simplifications
would be useful for interpretability in a given situation.

® The BU (Bottom-Up) algorithm was designed to minimise the number of segments
that go over more than a single time step. However, for the purpose of the compar-
isons in this paper we needed to count also for BU the segments on a single time
step. This explains why BU performs worse than the other algorithms.
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10 Appendix. End-user evaluation

Survey conducted with humans. Figure 8 shows both instances with labels used
for the users as reference, and unlabelled instances that the users were asked to
classify.

Configuration: P

GroupG1 Student:st Group G StudentS1

Y Ores  DOowe Do o) O Do Dores
[ Red Meie  [Green
Mre Dlewe Doeen 2 Ores  [lowe  [oeen 7 Ores  [lowe Do
Ores Dlove  Moreen
W Dow Do 9 Olres Clowe  Dlowen 8 Dlres Clove Dlowen
Ot Dowe Mo
Cres Mo [ome o Dres  Clowe  Claren o) Dlres Dlove  Dlowe
Clred  [owe  Mcroen
Difes Mo Doee 5 Ores  Dowe Coen 0 Cres Clove Do

Fig. 8. UMD dataset showing prototypes and test instances, No Simplification. Ex-
ample of the layout presented in the user survey, except that participants saw this on
larger printouts. It contains nine sub-figures corresponding to the labelled prototypes
used as "training" instances for the subjects and the ten "testing" instances. Note that
the subjects were shown the two pages with training and testing side-by-side, making
it easier to do pattern matching. For the interested reader we list the correct class
classification of the test instances: 1:Green, 2:Red, 3:Red, 4: Green, 5:Blue, 6:Blue,
7:Green, 8:Blue, 9:Red, 10:Red
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Abstract. Large language models have become multimodal, and
many of them are said to integrate their modalities using common
representations. If this were true, a drawing of a car as an image,
for instance, should map to a similar area in the latent space as a
textual description of the strokes that form the drawing. To explore
this in a black-box access regime to these models, we propose the
use of machine teaching, a theory that studies the minimal set of
examples a teacher needs to choose so that the learner captures the
concept. In this paper, we evaluate the complexity of teaching vision-
language models a subset of objects in the Quick, Draw! dataset using
two presentations: raw images as bitmaps and trace coordinates in
TikZ format. The results indicate that image-based representations
generally require fewer segments and achieve higher accuracy than
coordinate-based representations. But, surprisingly, the teaching size
usually ranks concepts similarly across both modalities, even when
controlling for (a human proxy of) concept priors, suggesting that the
simplicity of concepts may be an inherent property that transcends
modality representations.

1 Introduction

As children, when we transform images of the world into drawings
and other simplified sketches, we have the intuition that some objects
are simpler than others [5, 18]. For instance, six segments are enough
to represent a house that everybody can recognize, while a bit more
is necessary to represent a cat. This intuition is epitomized by some
guessing games where one person picks a concept from a card deck
and has to draw something quickly for their team to identify the
concept. We can easily describe and recognize some very simple
visual concepts, such as letters, with verbalized descriptions. For
instance, the letter T is a horizontal segment on top of a vertical
segment. However, humans struggle to describe more complex shapes

* Corresponding author. Email: diogo.freitas @staff.uma.pt.

with verbal descriptions [26] or objects, such as a cat, using a series
of segments.

Table 1: The simplest drawings (applying RDP algorithm on an origi-
nal drawing) identified for the concept cat.

Model Original (images)  Simplified (images)  Original (coordinates) ~ Simplified (coordinates)

Claude

Gemini

GPT-4 Turbo

GPT-40

Llama

Pixtral

Large Language Models (LLMs) can identify objects from a tex-
tual representation of their coordinates [3]. Thus, we aim to discover
whether this understanding maps to similar capabilities for the multi-
modal versions of these models. Also, we do not know whether this
is independent of the modality. We ask two research questions:

o Q1 (Absolute Invariance): If we randomly sample a concept from a
concept class, ¢ € C, would it take the same number of segments
to identify it if represented as a bitmap drawing as if represented
as a set of coordinates?

o Q2 (Relative Invariance): If we randomly sample two concepts
from a concept class, c1,c2 € C, and ¢ requires fewer segments
than cz when represented as a bitmap, will this order prevail when
expressed as coordinates?

Question Q1 refers to whether a concept represented as a bitmap
drawing is easier or harder to recognize than the same concept as
coordinates in text, while question Q2 is about the relative ranking.
For instance, consider that ¢; is ahouse and ¢z is a cat. In Figure 1,
ifahouse is easier than a cat when using the bitmap of the drawing
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(top of the figure), is it also easier when represented as segment

coordinates (bottom of the figure)? This is the relative invariance.

Note that we are not comparing with photographic images of the

object since other features would come into play, such as a striped

texture to distinguish a t iger from other felines. Such distinctions

are particularly evident in machine vision systems [11].

However, how can one determine the notion of simplicity of a con-
cept from its drawings? The idea we pursue in this paper is based
on the field of machine teaching [36], and in particular, the notion of
teaching minimality. A concept is as simple as a teacher can communi-
cate the concept to a learner with as little information as possible. This
captures our intuition that a house needs six segments while a cat
needs more segments. Given a concept, the teacher has to find the
simplest drawing in terms of the number of straight-line segments—
the teaching size—that enables the learner to consistently recognize
the concept. We use two different types of language representations
(bitmaps of the drawing and coordinates in TikZ code) to present
the concepts to the learner. Multiple models, including Generative
Pretrained Transformer (GPT)-4 [1], Llama [13], Gemini [29], Pixtral,
and Claude, are employed as the “learners”. The resulting collection
of the simplest images identified, across all concepts, all modalities,
and all models, is intriguingly diverse. As a preview of our findings,
see Table 1, showing the simplest identified images for the concept
cat.

It is also important to note that priors play a role in machine teach-
ing. When in doubt, the learner will more likely associate the evidence
with the most common concept (e.g., a house is more common than
an envelope). Accordingly, a Bayesian prior will be used to disen-
tangle this effect when looking at the concept simplicity rankings.

The contributions of this paper are:

e A novel machine teaching framework for evaluating the complexity
of concepts, which can be applied to drawings in coordinate- and
image-based modalities.

e Use of the teaching size specifically to evaluate how simply and
effectively the concept can be taught across both modalities.

e A comparison of both modalities across multiple models, includ-
ing GPT-4, Llama, Gemini, Pixtral, and Claude, according to the
number of concepts identified, accuracy, frequency of errors, and
teaching size.

e A way to disentangle the effect of the learner’s prior knowledge in
the concept identification task.

These contributions are generic and can be applied to other prob-
lems and modalities. In our particular case, we show that bitmaps are
more efficient than coordinates, but surprisingly, the order of complex-
ity between the concepts is preserved to some extent. This suggests
that either the representations of both modalities are tightly connected
in the latent space of the model, or the simplicity of concepts is an
inherent property that transcends modalities.

2 Related Work

Drawing (or Sketches) Recognition: Eitz et al. [8] provided a dataset
of human drawings, including 250 concepts and 20,000 drawings.
They introduced a support vector machine model to recognize these
drawings and observed that humans outperformed its performance.
Since then, AI models have been closer or even achieved higher
accuracy than that of human classification for drawing recognition
(e.g., Schneider and Tuytelaars 24, Yu et al. 34, Zhang et al. 35, Yang
et al. 33). Using the Quick, Draw! dataset, Ha and Eck [14] proposed
sketch-rnn, a model designed to create drawings of common
objects that resemble those drawn by humans. A similar version of this

model has also shown capabilities in drawing recognition [2]. Other
neural approaches studied for this task include convolutional neural
networks [16], and graph neural networks applied over drawings
represented as graphs [32].

Drawing Capacities of LLMs: Sharma et al. [25] assess the visual
abilities of different language models. They conduct experiments that
prompt the models to create code that draws images based on text
descriptions and improve image generation code iteratively through
text feedback. They show that: (a) LLMs possess limited ability to rec-
ognize concepts represented in code, and (b) these models sometimes
fail to recognize concepts that they can accurately draw. Note that the
authors addressed the problem as a multi-class classification problem.
Moreover, the online interface for collecting human drawings limits
components to basic shapes like ellipses, possibly restricting partici-
pants’ ability to create complex drawings. In their initial experiments
with GPT-4, Bubeck et al. [3] present an example of drawing gener-
ation, showcasing text-to-image capabilities using TikZ. They show
tasks such as GPT-4 drawing a unicorn and constructing TikZ code
through a multi-step prompt process. In another study, Pourreza et al.
[21] introduce the Painter, a modified LLM that creates drawings
using virtual brush strokes based on user-provided text descriptions.
Additionally, Cai et al. [4] evaluated GPT-4’s ability to understand
visual data in SVG format across various visual tasks, including im-
age classification, visual reasoning, and image generation. Vinker
et al. [31] propose SketchAgent, showing that while LLMs iteratively
generate sketches, they struggle with spatial reasoning.

Machine Teaching: Machine teaching is a research area that fo-
cuses on identifying the optimal set of examples that allow a learner
(e.g., a human or a machine) to identify a given concept [36]. To
illustrate the underlying idea of machine teaching, assume the teacher
wants the learner to identify the concept of prime numbers. To achieve
this, the teacher uses the set S1 = {2,3,5,7,11, 13} and succeeds.
However, would it not be enough for the learner just to see the smaller
set So = {19, 23}? Of course, that depends on the learner. In gen-
eral, optimal teaching will depend on the model the teacher has of
the learner. Machine teaching presents an alternative framework to
machine learning (where examples are not chosen but sampled from
a distribution) to answer the question of whether some concepts are
inherently more complex than others. The connections between ma-
chine teaching and computational learning theory are strong; see, e.g.,
the works by Doliwa et al. [6] or Moran and Yehudayoff [19], with
machine teaching putting the emphasis on the minimal evidence that
distinguishes the concept from all the rest. To determine how easy
it is to teach a concept, the teaching dimension [36]—the minimum
number of examples the learner needs to identify a concept—was
traditionally used. Telle et al. [30] introduced a new metric named
teaching size. This metric puts the focus on the sum of the sizes of the
examples needed to identify a concept, rather than only the number
of examples.

3 Methods

The drawings used in this work come from the Quick, Draw!
dataset [15, 14], which includes over 50 million drawings of 345
concepts. Collected by Google Creative Lab via an interactive game,
participants had 20 seconds to draw a concept while a neural network
attempted real-time recognition. The dataset is the largest collection
of doodles in the world, with contributions from more than 15 million
participants.

Each drawing in the Simplified Drawing files that we use is stored
as vectors of distinct pen strokes, i.e., distinct continuous movements
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Bitmap:
\draw (10, 169) - (0, 0) - (250, 0) -
(226, 178) — (20, 172);
Coordinates: \draw (2, 166) - (78, 255) - (253, 165);
House

\draw (49, 9) - (13, 134);
\draw (67, 199) - (163, 185);
Cat

Figure 1: In this paper, we address two research questions. First, Q1 (absolute invariance): When using a vision-language model, are bitmaps
(top) equally efficient representations for drawings as coordinates (bottom)? The second question is Q2 (relative invariance): Is the order (left vs.

right) of simplicity preserved across modalities?
of the pen without lifting. Each stroke s; is represented by a sequence
of (z,y) coordinates {(zi1,¥i1), (2, Yi2),- - -, (Tin,Yin)}. Note
that each pair of consecutive points in a stroke creates a segment.
Additionally, for each drawing, a binary flag r indicates whether the
game’s neural network correctly recognized the concept.

The following sections cover concept selection, corresponding
drawings, learners, the machine teaching setting, and the drawing
selection conducted before testing the framework.

3.1 Teaching Size

Let D denote an infinite space of possible drawings (and their simpli-
fications, as will be explained later), and let C' be a set of concepts.
We use D, to denote all the drawings of a concept ¢ € C. For any
given concept ¢ € C, the objective is to identify the simplest drawing
S € D, (represented as S™ with modality m being either bitmap
or coordinates) such that a learner L successfully learns ¢ with a
probability of at least p over N independent trials (i.e., recognition
consistency). The teaching size (TS) of c for the modality m can then
be defined as follows:

N
TSp.xm(c) = min [S™|st. 21: 1[L(S™) =c>p-N, (1)
where 1] is the indicator function, which equals 1 if the learner L
correctly identifies concept ¢ from the drawing S™, and 0 otherwise.

We argue that a good metric for assessing the simplicity of a given
drawing d can be based on the number of segments it contains. This
is represented by |S™| in the above equation. This metric is intrinsic
to the drawing itself, thereby avoiding dependencies on the length or
verbosity of the instructions used to generate it, such as in a descriptive
language like TikZ.

We also note here that while our implementation of teaching size is
grounded in segment count for drawings, the framework itself is more
general. Teaching size, as a proxy for descriptive complexity, can be
adapted to other domains using modality-appropriate metrics.

3.2 Concepts

In our work, if the expected concept is car and the identified concept
ispolice car, the identification is still considered correct because
police car is a specific type of car, i.e., it is a semantically
related prediction. This approach is similar to the one followed by
Lamb et al. (2020). This means that if a specific sub-concept, or
hyponym, is identified, it should still be seen as a correct identification
as long as it falls under the more general expected concept. For a
concept ¢, such as car, we consider a set of hyponyms h(c) that
corresponds to a set of concepts with a more specific meaning than c,

e.g.,police car belongs to h(car). For this study, we want a set
of concepts that ensures that in the set of their hyponyms, there is no
overlap, i.e., for any two concepts ¢;, ¢;, we have h(c;) N h(c;) =
(. This rules out certain pairs of concepts available in the Quick,
Draw!, like van and car, and it enhances the clarity and robustness
of the study. We thus select the following subset of 20 concepts
from the 345 concepts available in Quick, Draw!, with no overlap
among their hyponyms: apple, banana, car, cat, computer,
cup, door, envelope, f£ish, grass, hockey puck, house,
key, radio, string bean, sun, sword, television, The
Great Wall of Chinaand tree.

In Table 3 in the Appendix [9], we list each concept from the dataset
and the accepted hyponyms that are considered correct. This corre-
spondence is established by human inspection and after the execution
of the drawing selection phase (cf. Sect. 3.6) and the machine teaching
framework experiments, with the results then analyzed based on these
mappings.

3.3 Drawings

After choosing the concepts to study, we only include drawings that
the game’s neural network correctly identified (i.e., » = 1) in our re-
search. For every concept, approximately 50 drawings are selected by
a proportional random stratified sampling method [27], which groups
drawings into bins based on their number of segments. (This number
is approximate, as there may be rounding errors when calculating
the number of samples for each bin according to its proportion.) The
bin width was obtained using the minimum bin width between the
Sturges’s rule and the Freedman—Diaconis Estimator, ensuring that
drawings of any concept are represented in a way that reflects the
distribution of stroke counts for all correctly identified drawings of
that concept in the dataset.

To simplify the drawings in our study, we employ the Ramer—
Douglas—Peucker (RDP) algorithm [22, 7] on each stroke s of a given
drawing d. RDP reduces the number of segments in each stroke while
preserving its overall shape. Specifically, given a stroke s with a
sequence of points {(x1,y1), (z2,y2), .-, (Tn,yn)}, the RDP algo-
rithm iteratively selects the most distant point (md, yq) from the line
segment connecting the first and last points of the stroke. If this dis-
tance is below a predefined threshold e, then this stroke is simplified
to a single segment {(x1,y1), (n,yn)} on the first and last points.
However, if the distance to (x4, yq) exceeds e, the algorithm keeps this
point and recursively processes the two sequences of points formed by
{(z1,y1)s .-, (xd,ya)} and {(xa, yd), ..., (Tn,yn)}. This ensures
that the essential characteristics of the stroke, up to distance ¢, are
preserved. This process continues until all points in the stroke fall
within the threshold, resulting in a simplified representation of the
stroke with fewer segments. By incrementing the threshold parameter,
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from an initial value of ¢ = 2 ', until each stroke is reduced to one
segment, we generate simplified versions of each original drawing as-
sociated with a given concept ¢, resulting in new drawings {d}. C D..
Figure 2 illustrates a drawing simplification.

We note here that image and coordinate representations are gener-
ated differently, but both encode the same visual information. While
not equivalent in all respects, the coordinates in TikZ are a form of
structured data that, by reflecting a sequence of drawing actions, yield
the same shape as the image once rendered.

3.4 Learners (L)

We utilize multiple LLMs, including two GPT-4 mod-
els (gpt-4-turbo and gpt-40) from OpenAl, Llama
(Llama-3.2-90b-vision-instruct) from Meta, Gem-

ini (gemini-pro-1.5) from Google DeepMind, Pixtral
(pixtral-large-latest) from Mistral, and Claude
(claude-3-5-sonnet) from Anthropic. These models are
capable of processing visual and language inputs to produce text
outputs. To conduct the experiments of this work, all models were
accessed via their respective Application Programming Interfaces
(APIs). Additionally, we set the temperature parameter 7" to 1 for
the experiments carried out within the machine teaching framework,
and we set T = 0 for the drawing selection phase. T € [0..2]
controls the behavior of the models’ outputs: the lower T is, the
more deterministic (predictable) results it leads to [20]. Thus, by
setting 7' = 0 in the drawing selection phase, our goal is to obtain
deterministic and predictable results, which are essential for creating
a consistent baseline of drawings where the concepts were correctly
identified. On the other hand, setting 7" = 1 in the experiments of the
machine teaching framework is intended to introduce a controlled
level of variability.

We consider two different representations for each concept: a vi-
sual representation and a text-based representation. Accordingly, we
develop and test two prompt templates, one for each modality. For the
vision-based modality, the drawings are presented as images generated
from the sequence of coordinates (cf. Prompt 1 in the Appendix [9]).
For the text-based modality, the pen stroke vectors are coded using the
TikZ language (cf. Prompt 2 in the Appendix [9]). Both prompts ask
for an open-ended answer (not multiple choice), allowing the learners
to consider a wide range of possible concepts when identifying a
given concept, including any that is not in our 20-concept set.

Data contamination occurs when language models are tested and
evaluated using information from their training data, such as drawings
already seen during training [23]. However, in this study, the drawings
are consistently simplified using the RDP algorithm. This algorithm
alters the coordinate information, thereby modifying the TikZ code
and the visual representation. Consequently, we argue that these mod-
ified drawings are not part of the training set used to train the learners.
Therefore, contamination tests are not required for this experiment.

It is important to note that although the models are not trained
during our experiments, we refer to them as “learners”, since this is
aligned with the standardized terminology of machine teaching.

3.5 Concept Priors

As we argue in the introduction, some concepts, such as a house, are
more common than others, such as an envelope. This sets a strong

1 The strokes stored in the Simplified Drawing files of Quick, Draw! have
already been simplified by the RDP algorithm using € = 2, so this initial
value did not simplify any drawing further.

prior bias, especially in cases of doubt. For each of the 20 concepts, we
use the 2022 English corpus of Google Books Ngram [12], providing
the prior of a given concept as a normalized number between 0 and
1, representing the relative frequency of the concept. The rationale
for using word frequency from Google Books Ngram as a proxy for
human priors lies in the historical and cultural representativeness of a
corpus. The assumption underlying our approach is that the frequency
of specific words and phrases in written text correlates with their
prominence in human thoughts, discussions, and collective knowledge
at particular times [28]. Given that LLMs are trained on large text
corpora that include books, articles, and other written materials, it is
reasonable to assume that the Google Books Ngram priors closely
align with the priors embedded in LLMs.

The priors were obtained in a case-insensitive manner. Each concept
is treated exclusively as a noun to prevent confusion with its verb form
(i.e., £ish is interpreted as the animal and not the fishing activity).

3.6 Drawing Selection Phase

Before applying the machine teaching framework, we first conduct a
drawing selection phase. This process identifies which drawings are
reliably recognized by each model across modalities. These filtered
examples form the basis for estimating teaching size. Hence, our
minimization of Eq. 1 is sufficiently accurate.

As already mentioned, the drawings are simplified using the RDP
algorithm, starting with a threshold of ¢ = 2 on the raw drawings
and continuing until each stroke in the drawing consists of a single
segment. For each ¢, the learner is prompted using Prompt 1 for visual-
based identification and Prompt 2 for text-based identification (cf.
Appendix [9]). Then, based on the completions from the learner, we
obtain, by human inspection, the correspondence (between concepts
and their respective accepted hyponyms) described in Table 3 in the
Appendix [9], and we analyze the results based on those mappings.
The accuracy and frequency of mistakes for each concept are obtained
from the drawing selection phase.

In total, for the drawing selection phase, we run tests on each learner
separately, generating a total of 21, 896 prompts—half (10, 948) for
coordinates and half for images. These prompts were checked by
human visual inspection, producing Table 3 (Appendix [9]). We then
use the drawings that are correctly identified to test and evaluate the
machine teaching framework proposed in Eq. 1, and thus obtain, for
each concept, the teaching size.

4 Results
4.1 Concepts ldentified

Out of the 20 concepts evaluated, all were identified in the
image-based modality by at least one model. However, for the
coordinates representation, television, sword, radio, car,
door, hockey puck, string bean, and The Great Wall
of China were never recognized by any model. We hypothesize
that not only the complexity but also the prior of each of these latter
concepts is behind their failed identification.

The image-based modality is thus more effective than the
coordinate-based modality in identifying a broader range of concepts.
This observation aligns with the typical human learning patterns,
where visual information is often easier to process and understand
than abstract textual-numerical data.
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Figure 2: Example of a drawing simplification for the concept car using the RDP algorithm. As the value of € increases, the drawings become

progressively simpler.
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Figure 3: Accuracy for each concept in the vision-based (images; left) and text-based (coordinates; right) modality representations. 4 represents

the average accuracy value for the concept.
4.2 Accuracy

We begin by evaluating the accuracy on each concept ¢, Accuracy(c),
defined here as

Z

1 c
N, 2 L[L(S:) = ], )

Accuracy(c) =

where N. corresponds to the total number of tests (in this case,
prompts) conducted on L for the concept ¢ on the drawing selec-
tion phase, with {Si}f-\;cl C D..

Figure 3 depicts each concept’s accuracy across the two modality
representations. The image modality shows a wider range of recogni-
tion accuracy, with average performance metrics spanning up to 65%.
In contrast, the coordinate modality exhibits a much narrower range,
largely confined to 0-25% average accuracy. This discrepancy likely
reflects the models’ ability to leverage richer visual features in image-
based representations compared to the sparse and abstract nature of
coordinate-based inputs. The richer detail in images provides more
cues for concept identification, while the textual coordinates impose a
more constrained and abstract recognition task.

Nevertheless, the results suggest that some concepts are fundamen-
tally challenging to recognize, regardless of the modality. House and
cat achieve relatively high accuracy across both modalities, indi-
cating their simplicity or recognizability regardless of representation.
In contrast, more complex or less visually distinct concepts, such as
hockey puck and The Great Wall of China, show zero
accuracy in the coordinate modality and only marginal performance
in the image modality.

Among the models evaluated, Gemini emerges as the best-
performing model in the image modality, consistently achieving better
results across a broader range of concepts. Notably, it stands apart
from the other models, which appear to form a distinct cluster in
terms of performance. This suggests that while certain concepts are
uniformly challenging across all models, Gemini is better equipped
to handle a wider range of visual representations. In the coordinate
modality, no single model shows clear superiority, likely due to the
shared constraints of the textual representation.

The precise accuracy of each concept, categorized by model and
modality, can be found in Table 4 in the Appendix [9].

We also study the relationship between the number of segments
(i.e., complexity) and the accuracy of concept identification for both
image- and coordinate-based representations, as shown in Figure 4.
For image-based representations, there is a clear positive relationship
between accuracy and the number of segments. Starting from an
accuracy of around 0.3 % in the (0, 4] interval, the accuracy increases
steadily, reaching approximately 50 % in the (29, 69] interval.

Conversely, for coordinate-based representations, the average accu-
racy remains significantly lower and follows a more modest increasing
trend. Beginning at roughly 1 %, it gradually rises to around 8 % in
the (16, 19] interval before stabilizing and fluctuating slightly in the
higher segment intervals. This indicates that increasing the number of
segments in coordinate-based representations provides only minimal
benefits in accuracy.

4.3 Frequency of Mistakes

Accuracy measures how well the learner has identified the correct
concepts. However, the model can also respond with “I don’t know”
answers (or something that is not a concept) or by identifying a
different concept that is incorrect. We focus on the latter case and
refer to this performance metric as the frequency of mistakes for a
given concept ¢ in model m, FOM,,, (¢).

Formally,

N
FOM,.(c) = %Zﬂ (Si¢ DA Lm(S)=¢], @)
i=1

where N = 10, 948 is the total number of tests (prompts) conducted
on L during the drawing selection phase on each modality.

To simplify the interpretation of the frequency of mistakes for a
given concept, we average the FOM(c) across all models. We also
explore whether there is a relationship between the frequency of
mistakes and the prior probability of each concept. We have included
in Tables 8 to 19 of the Appendix [9] the confusion matrices for
each model and modality. These tables show how well the model
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Figure 4: Relationship between the number of segments and accuracy for both modalities (images; left) (coordinates; right).

performs across various concepts by detailing the true positives and
the frequency of errors for each concept. Figure 5 shows that the
vision modality exhibits a lower percentage of observed mistakes than
the coordinate-based modality.

Interestingly, as shown in Figure 3, the concept house in both
modality representations, television only in the visual-based
modality, and cat only in the text-based modality, shows the highest
accuracy. However, these concepts also have the highest frequency
of mistakes, indicating that while they are often correctly identified,
they are also frequently guessed when wrong. This indicates that
although these concepts are generally easily recognizable, variations
in attributes like size and shape may introduce ambiguities that com-
plicate the identification of these concepts. In other words, the models
often guess these concepts, whether they are correct or not.

When calculating the Pearson correlation between the frequency of
mistakes and the prior probability, we obtain a correlation of 0.914
for the coordinate-based modality and 0.434 for the vision-based
modality for all concepts. This suggests that in the textual modality,
the learner is more susceptible to responding based on their pre-
existing biases when confronted with unfamiliar concepts. In contrast,
this tendency is reduced in visual representation.

4.4  Teaching Size

To calculate the teaching size for each concept, we set 7'to 1, p to 0.5,
and N to 50, meaning that a correct identification needs to happen
at least 25 times out of 50 trials even with some stochasticity in the
model. The aim is to determine the simplest drawing for each modality
representation that the learner can identify consistently in at least 25
out of 50 trials. We highlight that this procedure is different from the
one conducted in the previous sections, where the results came from
the drawing selection phase.

We present the results for teaching size of images and coordinates in
Tables 5 and 6 in the Appendix [9]. Table 7 of the Appendix [9] shows
the respective simplest drawings identified for each concept, modality
and model. The data suggest that, on average, the teaching size values
for coordinates (11.46, SD=8.60) with successful identification (12)
are higher than those for images (6.73, SD=2.25) with successful
identification (20), regardless of the model. Even when considering
only the 12 concepts that are well identified using coordinates, the
mean teaching size remains lower for images. This indicates that
there is no absolute invariance, answering our question Q1 in the
negative. In other words, the number of strokes required for a concept
to be identified by the learners is generally higher when using textual
coordinates compared to bitmap images.

Furthermore, it is important to highlight a weak, though similar, neg-
ative correlation between the teaching size and the prior of each con-
cept across both modalities. The correlation coefficients are —0.021

for coordinates and —0.338 for images, over all concepts and models.
This suggests that, in the image modality, the more common a concept
is, the simpler its drawings need to be for the learner to consistently
identify it.

Interestingly, looking at Table 2, the teaching size still ranks con-
cepts in a relatively similar order between images and coordinates, but
the strength of this relationship varies across models. The strongest
agreement is observed in Llama and Pixtral, both of which exhibit
a perfect Kendall rank correlation of 1.0, meaning their rankings
are identical across the two modalities. GPT-4 Turbo (shortened as
GPT-4T) also exhibits a high correlation (0.87), suggesting strong
alignment in concept difficulty ordering between images and coordi-
nates.

However, other models show lower correlations, with Claude at
0.36, Gemini at 0.57, and GPT-40 displaying no correlation (0.0) be-
tween the two rankings. To control for the influence of concept priors
on teaching size, we performed an ordinary least squares regression of
the teaching sizes (for both modalities) on the corresponding concept
priors derived from Google Books Ngram frequencies. This yielded
residuals representing the portion of teaching size not explained by
prior familiarity. We then calculated the Kendall rank correlation
between these residuals from different modalities and found similar
correlation values.

These results indicate that while some models maintain an invari-
ant notion of teaching size across modalities, others exhibit some
discrepancies, although the number of concepts is small. The accu-
racy correlation between all concepts is a more robust metric, and
it also calculates how well concept-wise accuracies align between
the two modalities. Claude and GPT-40 exhibit relatively high accu-
racy correlations (0.65 and 0.67, respectively), suggesting that despite
their lower Kendall rank correlations, the overall accuracy patterns
remain similar. Meanwhile, Gemini and GPT-4T have lower accuracy
correlations (0.21 and 0.45), compensated by the better values for
ranking.

Overall, the correlations are never negative, but less or more positive
depending on the model. While Llama, Pixtral, and GPT-4T exhibit
strong invariance in teaching size ranking across modalities, others
do not. In general, however, the answer to question Q2 tends to be
positive.

5 Discussion

In this study, we examined how multimodal models identify the same
concepts in two different modalities: image- and coordinate-based
drawings. Our findings show that images are generally more effective
than coordinates for identifying concepts. In particular, using images
led to the recognition of more concepts than when using coordinates,
indicating that images are better suited for teaching concepts to a given
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Figure 5: Top-10 concepts with the highest frequency of mistakes (averaged across the models) in the visual-based modality (images) (left) and
text-based modality (coordinates) (right). The little star represents the prior probability for each concept.

Table 2: Concept teaching size comparison for images and for coordinates, showing Kendall Rank correlation coefficient for the subset of
concepts that are identified (*), and Pearson correlation between the accuracy for all concepts.

Model Order for Images Order for Coordinates Rank*  Pears

Claude cup < house = fish < envelope < apple = house < envelope < apple < fish<cat < 0.36 0.65
sun < cat < grass sun < cup < grass

Gemini envelope = house = sun = grass = fish < envelope < house < sun =tree < fish < 057 0.21
banana < tree=cat banana < grass < cat

GPT-40 tree <house <envelope < apple <cat envelope < house < cat < tree < apple 0.00 0.67

GPT-4T envelope < house < fish < cat < tree < envelope = house < fish =tree <cat < 087 0.45
car car

Llama envelope =house < cat envelope =house < cat 1.00 0.50

Pixtral house < cat house < cat 1.00 0.63

learner. This is supported by the higher accuracy and lower frequency
of mistakes seen with image-based representations. We also use the
number of segments as the teaching size to measure the complexity of
a concept. Our analysis indicates that the teaching size is again more
beneficial for images than coordinates (clearly answering question
QI negatively), but ranks concepts in similar ways, regardless of the
type of drawing used, even when we account for the learner’s priors.
While there are differences depending on the model, we tend to see a
positive answer to question Q2 more often. This suggests that some
concepts are naturally easier or more difficult to teach, no matter how
they are represented.

We believe that our study provides a step towards the investigation
of a core question in the field of multimodal Artificial Intelligence
(AI): Whether language models can interpret structured data (like
coordinates) as effectively as images. We saw that models perform
better with image-based representations, even for simple concepts.
This suggests a limitation in current multimodal models that is impor-
tant for scientific and practical development. The observed invariance
in ranking teaching size across modalities suggests that some concept
properties are robust regardless of representation. This may help im-
prove cross-modal transfer learning, where models must generalize
concepts between formats.

Our machine teaching framework has several practical implications.
First, it improves the design and evaluation of multimodal systems by
providing a quantitative, model-agnostic way to measure how “costly”
it is for any vision-language model to learn a new visual concept in
different modalities. Second, our work connects cognitive and com-
putational notions of simplicity by providing empirical evidence that
segment count, a classic cognitive cue, remains predictive even in
state-of-the-art large language models. This contributes to ongoing
discussions in Al about whether these models learn conceptual struc-
tures or simply memorize patterns. Finally, the framework can support
adaptive teaching tools by identifying the simplest representations for

individual learning needs. Thus, it could be used to develop educa-
tional software that teaches geometric concepts or visual reasoning
using minimal and optimally chosen examples.

Our analysis has to be seen in the light of some limitations. (a) The
study concentrates on a specific set of concepts, which might affect
how well the findings apply to other (potentially more complex)
concepts. (b) Our use of the RDP algorithm for drawing simplification
streamlines each stroke but does not totally remove any single stroke
from the drawing. This should not be much of a limitation as we focus
on the simplest concepts. (c) A factor that can influence the teaching
size of a concept is the curvature of its drawings, i.e., the amount by
which it deviates from a straight line. In this work, we have chosen not
to focus on this aspect, but this could be of interest for future works.

We show that the simplest concepts usually correspond to those
that humans intuitively think of as less complex, and this confirms
that the simplest concepts are so across modalities. This supports
the hypothesis that the representation of concepts in both modalities
is tightly connected in the latent space. However, since we operate
under a black-box setting with models like GPT-4 and others that do
not expose their internal representations, we cannot directly inspect
or confirm such latent alignments. Some other methods, especially
white-box approaches that have access to weights or gradients, could
give a definitive answer to this hypothesis. Still, in cases such as
GPT-4 or humans, a black-box approach such as the one presented in
this paper is the practical course of action. Thus, our results should
be viewed as a hypothesis to explain the invariance across modalities
and not as a definitive claim.

The code to reproduce our results is available [10].
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Abstract

Most models of machine teaching and learning assume the learner makes no errors
in its internal deductive inference. However, humans and large language models in
few-shot learning regimes are two important examples of learners where this does
not hold. They fail on some consistency checks, and they can fail stochastically.
In this paper we introduce a teaching and learning framework that takes these de-
ductive errors into account. We specifically study the case of machine teaching, as
different characterizations of the teacher can account for both machine teaching
and learning. In an overhauled Probably Approximately Correct (PAC) setting,
we study theoretically that, for some estimated error level, the teacher must find
a PAC teaching set that with high probability will lead the learner to guess a hy-
pothesis that is approximately correct. We study the computational complexity of
six different problems related to computing optimal PAC teaching sets. We give
XP algorithms parametrized by size of teaching set, with tight runtime bounds un-
der standard complexity assumptions like ETH. These results are complemented
with a small experimental study of which teaching and learning protocols can best
represent the observed behavior in some LLM teaching sessions.

1 Introduction

Learning mostly involves inductive inference, i.e., the process of going from facts to rules, from
data to models. Many different paradigms for machine learning have been introduced according
to how data is presented and how hypotheses are represented, and learning algorithms have been
devised to make this process effective and efficient. However, most of these paradigms assume that
the learner performs perfect deductive inference, i.e., the process of going from rules to facts, from
models to data. In other words, learners are assumed to be consistent and complete when checking
the alternative hypotheses during the learning process. Given a concept c in the hypothesis space C,
and an example z, the learner invokes a consistency function ¢(z) that returns true if the example
belongs to concept c and false otherwise. We are not assuming that c is the correct hypothesis —that’s
the inductive inference search—, but we assume that if ¢ were correct then the learner would be able
to classify all examples perfectly with it. This assumption has seemed reasonable for learners that
are implemented on computers with clear algorithms and representation languages whose deductive
inference mechanisms are consistent and complete, e.g., applying a logistic regression to a new
input, a neural network to a new image or a decision tree to a feature vector.

Preprint.



Following this tradition, machine feaching, where examples are chosen by the teacher, rather than
randomly sampled from a distribution, has also assumed that the learner is deductively consistent
and complete (Goldman and Kearns, 1995; Balbach, 2008; Zilles et al., 2011; Gao et al., 2017; Fallat
et al., 2023). There are only very few examples in the literature where the representation is chosen
in such a way that checking consistency becomes intractable or even incomputable (and hence the
function cannot be complete) making approximations necessary (Ferri et al., 2026).

However, humans and pretrained large language models are two important examples of learners that
should not be modelled with a perfect consistency function c. They fail on some consistency checks,
and they can fail stochastically. This is crucial for understanding few-shot learning and teaching
with them, which is particularly relevant in explainable Al, as it is generally assumed that errors
will originate from inductive inference but not deductive inference (Yang et al., 2021; Havardstun
et al., 2023). For these learners, we should consider they possess approximate consistency functions
¢éx(x;) for each concept, whose error can be quantified by an error level vy, as:

Y (ek, zi) = Ple(w;) # é(4)]

It is natural to consider that this error function depends on both the learner L, the example xz; and the
concept ci. For instance, it is easier to make a mistake when checking whether 8250715087503 is
prime than whether it is even. On the other hand, it is also easier to make a mistake when checking
whether 8250715087503 is prime than whether 27 is a prime.

Under this new perspective, traditional accounts of learning and teaching would simply not work.
In particular, some of the simplest learning protocols, where the learner is given examples one after
another and discards all the concepts that are inconsistent with the given evidence, until only one
remains, would often fail catastrophically: a mistake in the consistency check at an earlier stage
would rule out the right concept forever. Instead, we could keep all concepts and update the consis-
tency vector for each concept as the process progresses, but would this lead to the identification of
the right concept?!

We claim that the right approach for exploring the learnability and teachability in this paradigm is an
adaptation of the Probably Approximately Correct (PAC) setting. Note that in classical PAC Learn-
ing (Valiant, 1984, 2013) the stochasticity comes from sampling of examples, whereas our focus
is on the stochasticity arising from errors in consistency checking. Combining these two sources
of stochasticity does not pose any fundamental problems, but it does complicate the presentation.
Therefore, we will in this paper assume the setting of Machine Teaching Zhu et al. (2018), where
the examples given to the learner are chosen by a deterministic and consistent teacher rather than
sampled, to highlight the new findings in this field that we will call PAC Teaching.

Because of the errors in consistency checking, the learner will never know for certain that the con-
cept c being selected is the correct target concept c¢*, not (only) because of the inductive inference
problem, but because of a deductive inference fallibility, represented by the error level yy,. It is then
more natural to consider that the selected ¢ can only be approximately correct even in cases of small
hypothesis classes and a sufficient large number of examples. Also, because the error is of stochas-
tic character, it also makes more sense to consider how probable it is that an approximately correct
concept can be attained. The question becomes: given a learner L, characterized by a deductive
error function 7, and a particular learning protocol, can we devise teaching algorithms that lead to
effective PAC teaching? In this paper we show that the answer is yes. After first defining the PAC
teaching framework formally, and arguing for its suitability, we show in Section 5 that the problem
of computing optimal PAC teaching sets, which comes in six different variants, can be solved by
algorithms whose asymptotic runtimes are tight under standard complexity assumptions.

The rest of the paper is organized as follows.In Section 2 we define PAC Teaching formally. In
Section 3 we argue that the PAC teaching framework is useful whenever the teaching success is
inversely correlated with deductive errors, and show that this holds in experiments with LLMs as
learners. In Section 4 we discuss various assumptions on learner and teacher behavior. In Section
5 we give algorithms and tight complexity bounds on the problems of computing optimal PAC
teaching sets, and we also give some heuristic algorithms for computing PAC teaching sets.

Note the learner can differ on &, in different occasions, since ~yz, is stochastic. Here we are not assuming that the concepts
are stochastic or there is some inherent noise in the world, but the checking of the consistency of concepts is stochastic.



2 Definitions

As in classical Machine Teaching, we have a binary consistency matrix between an example set X
and a concept set C, and denote by c(x) the class label 1 or 0 (In or Out, True or False) of example
x € X for concept ¢ € C. An example x labelled b € {0, 1}, given as (z, b), is consistent with ¢ if
c(x) = b. We have a target concept, and the goal in classical machine teaching is to find a small set
of labelled examples, the so-called teaching set S, such that the only concept that is consistent with
all of S is the target concept.

To account for learners that are not perfect when doing consistency checks we introduce error prob-
abilities vy, : X x C — [0, 1] where 71, (c, z) is the probability of learner L making an error when
checking the value of c¢(x). In the setting we introduce, when the learner L is given example x la-
belled b the error probability 71, (¢, x) is used to decide if concept ¢ is L-consistent with (x, b) or not.
If indeed c(z) = b then the learner concludes with probability 1 —~7, (¢, ) that ¢ is L-consistent with
this labelled example (and with probability vy, (¢, ) that ¢ is not L-consistent), while if ¢(x) # b we
have the opposite (the learner concludes with probability vz, (¢, z) that ¢ is L-consistent and proba-
bility 1 — v (¢, x) that ¢ is not L-consistent). We assume throughout that, given the error matrix 7y,
all consistency checks are mutually independent Bernoulli trials, and checking ¢ against (x,b) errs
with probability vz, (¢, ). This imperfect and stochastic version of ¢ that L has will be denoted as ¢,
or simply ¢. Note these errors can vary for each example and concept pair, but are symmetric with
respect to checking for a correct or incorrect label, as the source of error is only tied to checking the
value of ¢(z).

For a concrete case, consider a concept class of subsets of natural numbers and teaching target
concept ¢* = ending-in-7 using the example x = 27 and checking consistency with ¢ = primes,
a pair for which ~y, (¢, z) = 0.1. The learner is given (x = 27,b = 1) and even though c¢(z) = 0
so ¢ is not consistent there is a 10% chance that the learner will conclude that ¢ is L-consistent,
because of the error involved in ¢é(x), in effect mistaking 27 as being prime, and if so reinforcing
the belief that ¢ could be a good concept for the unknown c*, when it is not. A teacher aware of
this could instead have chosen an example of lower error to rule out ¢, say (z = 13,b = 0) with
~vr(c,13) = 0.01.

Informally, in PAC teaching, when using a good teaching set .S for the target concept c*, it should be
probable that the concept ¢ chosen by the learner (e.g., the concept that is L-consistent with most
labelled examples in 5), is approximately equal to the target ¢*. Note that we have two distinct
cases, that we may call teaching for identification or teaching for employment. When the goal
is identification then we want the chosen concept ¢, which is named by the learner and used by a
perfect deductive user (e.g., the teacher), to be consistent with the target ¢* on as many examples
as possible, i.e. with high expected value of the event c(z) = c¢*(x) for some distribution over
examples, as measured by the following similarity function

sim(c,c”) = Ezup(x)[Ple(z) = ¢*(2))] (= 1/|X1>,cxle(x) = c*(z)]if uniform D, finite X')

However, when the goal is employment by the learners themselves, then, based on the reasonable
assumption that the same level of errors the learner L makes in consistency checking occur not only
during teaching but also in employment, we instead define a similarity function simj, as follows

simg(c,c*) = Egup(x)[P(E(x) = ¢*(2))]

In other words, measuring the probability of ¢ being L-consistent with 2z when labelled by ¢*(z). If
we expand using the connection between ¢é(x) and 7 (¢, z), and assume that the distribution over
examples is uniform and the example set is finite, then we get the following

) . 1 1 —vr(e,x) ife(z) = c*(x)
stmp(c,c’) = — .
e =] g({w,x) if () £ ¢*(2)
In PAC teaching for identification, for a given target concept c*, probability p, and approximation
ratio ¢, the goal is to find a small teaching set .S such that the concept L(S) chosen by the learner L

2 As noted above, we could also allow the teaching set to be randomly sampled, for a better alignment with formal models
of Machine Learning, at the expense of introducing another source of stochasticity.



when given S satisfies Equation 1 (in PAC teaching for employment replace sim by simyp,)
P[sim(L(S),c") = q] = p (1

For identification teaching with approximation ratio ¢ we define the good subset of concepts to be
G(c*,q) = {ce€ C: sim(c,c*) > q}, and say that these are g-similar to ¢* (for employment replace
sim by simy, to get G (c*, ¢) that are gy -similar to ¢*). The Probability of ¢-Approximately Correct
Teaching for identification (or employment) when using teaching set S is then the probability that
L(S) € G(c*,q) (or L(S) € GL(c*,q)). This depends on the behavior of the learner L which
will be discussed in Section 4. However, it should be clear that higher errors ~y;, will lead to larger
teaching sets for fixed p and g, as illustrated in Figure 1.

Figure 1: For fixed p, ¢ higher errors give larger PAC teaching sets. In both figures above the concept
class consists of circles in the plane with ¢(z) = 1 when point z is within circle ¢, with only two
such concepts shown: target c* the circle on the right, and ¢’ the circle on the left. The color of
a point z gives the probability of ¢’ being L-consistent with 2z when labelled by ¢*(x), from high
probability in dark green to low probability in dark red. Thus, the more green and less red the
higher the L-similarity between ¢’ and the target. For the figure on the right we have non-zero error
~vL(c',z) > 0 only when z is very close to perimeter of ¢’. The symmetric difference is then dark
red, apart from the perimeter of ¢’ where the error kicks in. In the left figure v, (¢, ) is higher, and
proportional to the distance from z to perimeter of ¢/, and the teacher has less examples to choose
from to rule out ¢’ with high probability. If many circles had this same error then more teaching
examples would be needed to arrive with high probability at a circle that closely approximates the
target (small symmetric difference), as any single example would be dark red for only few circles.

3 Applications of PAC Teaching

In this section we argue that (deductive) errors in consistency checking occur with many (inductive)
learners, in particular with LL.Ms, and that the PAC teaching framework is useful whenever the
success of teaching is correlated with the deductive errors.

As discussed in the introduction, the learning process involves at least two types of errors on part
of the learner, that we may call the deductive error (inference involving consistency checks) and the
inductive error (inference in searching for the right hypothesis). What we may call the total error
rate of the learning process depends on both types of errors, and possibly other types, for example
the error related to understanding correctly the learning task. The new PAC teaching framework
assumes that the deductive errors form an important part of the total whose influence is significant.
In many cases this is clearly the case. What about using LLMs as the learner? Recent research on
LLMs show reliability fluctuations that deviate from what we would expect given human criteria of
difficulty, see e.g. Zhou et al. (2024). Can deductive errors be derived from LLMs, and are they
amenable to the PAC teaching framework? To answer these questions we perform the following
experiments:

* Derive errors of the LLM on some fixed consistency checks, and call these deductive errors.

» Extract total success of the LLM as learner over varying teaching sets, on a task involving
the same consistency checks, in scenarios believed to have both low and high total error



» For given teaching sets, do we see a negative correlation between total success and the
deductive error, and is the variation in this correlation explainable by varying total error?

A positive answer to the final question would indicate that deductive errors can be derived from
LLMs, and that the utility of the PAC teaching framework holds also for LLMs as learners.

For experiments to answer these questions, we consider a concept class over positive integers.’ Let
C = {c5,c7,c11,c13,¢c17} and X = {1---1000}, with ¢ (x) = 1 iff x is a multiple of k. Note
that for some prime numbers (2, 3, 5) there are easy algorithms deciding its multiples in base 10,
and for this reason we included only one of them, namely 5, together with the next four prime
numbers. We use GPT-5-nano (gpt-5-nano-2025-08-07) Singh et al. (2026) with reasoning effort set
to minimal. Stronger models achieve near-perfect deductions on consistency for this concept class,
leaving insufficient signal for illustrative purposes. GPT-5-nano falls in a capability category where
it is strong enough to follow the format of inductive teaching but not so strong that checking for
divisors becomes trivial. We use the default sampling parameters (temperature = 1, top_p = 1) to
avoid introducing additional constraints on the model’s output distribution.

We first describe how we measure the deductive error. In the selected concept class, consistency
checking equates to checking ‘Is k£ a divisor of z’, for a given ¢; and x. Hence, this is our user
prompt. * Each pair of z € X and k (for ¢, € C) is queried 20 times, and we calculate the deduc-
tive error v, (cg, x) as the fraction of times the LLM answered incorrectly (including nonsensical
answers that form 0.3% overall®).

For the case of small total teaching error, we limit the experiment to teaching sets on a single positive
example. In other words, define X’ = {x € X : exactly one of 5,7,11,13,17 is a divisor of 2} and
use only teaching sets of type {x} for z € X’ such that the information uniquely identifies one
concept. For each z € X', we query the LLM 100 times with the prompt "Which of 5, 7, 11, 13 and
17 is a divisor of {x}?" and call the fraction of incorrect answers the fotal teaching error for this
teaching set {z}.

From all this error data we get the plot in Figure 2 (a), where each point is a single x value, whose
color and shape determines which ¢, € C'is the target (i.e. which unique % that divides x). The
horizontal axis is the mean deductive error 1/53% . -~ v (ck, x) for z, and the vertical axis is the

total teaching error for {x}.

Note the top left corner is empty, thus low deductive error predicts low total teaching error, and
for each value of % the increasing linear fit shows that deductive errors influence total teaching
error, in line with the PAC teaching framework. However, we also observe a cluster in the bottom-
right corner, with high deductive error but low total teaching error. We attempt an explanation by
example: checking if 730 is a multiple of 7 has a relatively high deductive error, but the teaching
prompt specifies that only one of 7 and 5 is a divisor of 730 so the LLM may confirm that 5 is a
divisor without even trying 7, and hence (7, 730) does not impact the total teaching error. This
hypothesis is supported by the fact that 5 has more points in this corner and also the lowest linear fit.

While low total teaching error can occur even when mean deductive error is high, the key finding is
that selecting examples with low deductive error reliably yields low teaching error. This experiment,
in a scenario of low inductive effort, thus demonstrates a concrete case in which a teacher using
teaching sets of low deductive errors can achieve a low total teaching error (often 0% and always
below 10%) whereas a teacher oblivious to deductive error would risk a high total teaching error
(often over 50% and sometimes 100%).

We now move to a scenario with the same deductive errors but with higher total teaching error due
to higher inductive load. We use the same concept class C and example set X but with teaching sets
of size two, thus coming in pairs with one positive and one negative, with both examples needed to
uniquely identify the target. Thus, note right away that there is no element in X', used for teaching
sets of size one, that will be used now. To construct these pairs, we first select all positive examples
that are consistent with at least two concepts. For each such example, we then pair it with a negative
example that is consistent with the target concept but inconsistent with the remaining competing

3Code available at: https://anonymous.4open.science/r/Teaching_and_Learning_under_Deductive_
Errors-B4A7/README.md

4See the Appendix for precise System Prompts and User Messages used for all experiments, or see the Github repository.

5 Examples of nonsensical answers: Answer = None(...) , Answer = Benjamin(...), Answer = Delete this line(...) .



(a) Low total error. Teaching set of size 1. (b) High total error. Teaching set of size 2.

Figure 2: Each data point is a teaching set, in (a) of size one: a single positive x, and in (b) of size
two: one negative x; and one positive . Total teaching error on the vertical axis. On the horizontal
axis we have mean deductive error (averaged over all 5 values of k) for = in (a) and averaged over
z1 and z2 in (b). Each linear fit shows a positive correlation, which is required for the PAC teaching
framework to be applicable, and this is more pronounced for low total error in (a), as expected.

concepts, thereby eliminating them and ensuring that only the target is identified. As before, for
each such pair we repeat 100 times, now with the following prompt: “Which of 5,7, 11, 13 and 17 is
not a divisor of 1, while it is a divisor of x2?’, to extract total teaching error. See the plot in Figure
2(b) and compare it to 2(a). The results confirm our hypothesis: total error is higher, the outliers in
the lower right quadrant have disappeared, and the correlation between total and deductive errors is
still positive even though it has softened as the inductive error has become more prominent.

For other LLMs and for other teaching tasks, the derivation of deductive errors and total teaching
error will have to change. The important finding is that these experiments support the hypothesis
outlined at the start of this section, namely that deductive errors can be derived from LLMs as
learners and that they are amenable to the PAC teaching framework.

4 Learner and teacher behavior

In this section we first specify two learner behaviors: a naive learner not aware of errors and a
prudent PAC learner who is aware. Finally, three teacher behaviors are specified: a naive teacher not
aware of errors, a heuristic PAC teacher and an optimal PAC teacher.

Firstly, we may have a small or large concept class, in an extreme case even infinite, and we may
also have a prior distribution over the concepts. Somehow, the learner will consider a finite subset
of concepts, that we may call C, possibly C' = C for a small concept class, or C' is achieved by
sampling from C until it has a reasonable size containing a representative set of concepts including
c*. We will not go into details of how this is done, as it would vary based on the application. From
now on, we simply assume C' = C, and note that this may be altered depending on the application.

The Naive learner L acts unaware of any errors being made in consistency checking. This learner
initializes the set of possible guessed concepts to P = C, goes through each labelled example
(z,b) € S, that is received as a batch, and discards any concept ¢ € P that is not L-consistent, i.e.
keeping c only if é(x) = b ®. When done we define L (S) to be an arbitrary concept still left in P,
unless P is empty and L y reports failure.

The Prudent PAC learner L p is cognizant that errors can happen, so to avoid discarding the target
it will for each concept ¢ € C' compute the count Ct(c, S) of the number of labelled examples in .S
that ¢ is L-consistent with, and arbitrarily guess a concept L p(.S) with highest count. In other words,

SIf ¢ = ¢,Vc € C this is the standard Version Space learner in Machine Teaching.



if the max count is k = maz.ccCt(c, S) the prudent learner selects a concept Lp(S) arbitrarily
from {c € C : Ct(c,S) = k}. We make no assumptions about how this selection is made, and for
a worst-case scenario we assume that if there is some concept that is not good among those with
highest count it would have been chosen.

Let us now consider the teacher. The teacher knows the errors 7, made by the learner during con-
sistency checking, and needs to find a teaching set .S making it probable that the concept Lp(.S)
guessed by the prudent learner is approximately equal to the target c*, either by Lp(S) being ¢-
similar to the target for identification teaching, or Lp(.S) being g -similar to the target for employ-
ment teaching. As is standard in Machine Teaching (and Machine Learning) the yardstick is the
size of the teaching set, and for PAC Teaching this goal can be formulated in several ways. For
fixed ¢ and p the goal is to find a smallest teaching set S satisfying Equation 1, whereas fixing p
and max-size k the goal is to find a teaching set S of size at most k that for the highest possible ¢
satisfies Equation 1, and for fixed ¢ and k the goal is to find a teaching set S of size at most & that
for the highest possible p satisfies Equation 1.

Note that we may have a small or large example set, in an extreme case even infinite, and we may
also have a distribution over the examples. Somehow, the teacher will consider a finite subset of
examples to include in the teaching set, that we could call X, possibly X = X for a small example
set or X is achieved by sampling from X until it has a reasonable size containing a representative
set of examples. We will not go into details of how this is done. From now on, we simply assume
X = X, and note that this may be altered depending on the application.

Let us start with the Naive teacher T who acts as if there were no errors (as if vz, (¢, ) = 0 always)
and finds a teaching set .S labelled according to c* so that an error-free Version Space learner, who
discards any concept not consistent, would be left only with c*.

A Heuristic PAC teacher Ty will on the other hand use some heuristic based on the errors in 7y, and
the behavior of L p for picking examples to include in S. In Section 5.2 we discuss such heuristics.

Let us illustrate the benefits of PAC teaching with a very simple case highlighting the difference
between the naive learner with a naive teacher versus the prudent learner with a heuristic teacher.
Consider two concepts and two examples where ¢ (z1) = co(x2) = 1, and ¢1(22) = ca(xz1) = 0
with concept-independent errors vz, (c1,x1) = vr(co,z1) = 0.1, and v (¢1,22) = yr(co, x2) =
0.2. For target ¢y the naive teacher Ty could use teaching set S = {(z2,1)} and get a probability of
0.64 that Lp(S) = ca, i.e. that ¢, is the only concept with max L-consistency count. A heuristic PAC
teacher Ty, noticing that vr, (c2, ©1) < yr(c2, 2) would instead use S = {(z1,0)} for probability
0.81, and if requiring higher odds would use S = {(z1,0), (x2,1)} for probability 0.8928.

In this case errors are concept-independent, so on any correctly labelled example no concept has
higher probability than the target concept of being L-consistent, and indeed adding the second ex-
ample above increased the probability of Lp(S) being the target concept. On the other hand, the
naive learner Ly will always be more likely to rule out the target concept ¢* when seeing a new
labelled example (x, c*(z)) with vz (c*,z) > 0. It is tempting to conclude that adding examples
can never hurt the prudent learner. This is not so.

Observation 1. Even when errors are concept-independent and below one-half, adding an example
to the teaching set can decrease the probability of successful PAC teaching for the prudent learner
Lp.

To see this, consider a target ¢* and a competitor ¢’ with a simple 7z, (¢, z) set to 0.1 for all concepts
and examples. On a single distinguishing example «x, ¢* is L-consistent with probability 0.9 and
¢ with probability 0.1, so Lp identifies the target with probability 0.81. Now add an example on
which ¢’ carries the same label as ¢*: both are L-consistent on it with the same probability 0.9, so the
gap between the two counts keeps its expectation but gains variance, and the probability of success
falls to 0.7533.

Finally, we introduce the Prudent-optimal PAC teacher 7’ aiming to find an optimal teaching set
S for Lp, depending on what is the optimization criterion: given ¢ and p minimize size k of S,
or given ¢q and k maximize the achievable p, or given p and k maximize the achievable ¢? Let us
define this formally, both for identification (id) and for employment (em), for a total of six distinct
optimization goals. Note each of these assumes the prudent learner L p, but for ease of presentation
we do not specify this in the notation used.



Firstly, let 0 < ¢,p < 1 and k a positive integer and say that S is (¢, p, k)-PAC-id if |S| < k and
Lp(S) satisfies Equation 1. Likewise, say (g, p, k)-PAC-em when replacing sim by simp,. Next,
say that S is (x, p, k)-PAC-id optimal if it is (¢, p, k)-PAC-id for some ¢’ and no S’ is (¢"', p, k)-
PAC-id for any ¢” > ¢'. Also, say that S is (g, *, k)-PAC-id optimal if it is (g, p’, k)-PAC-id for
some p’ and no S’ is (g, p”, k)-PAC-id for any p” > p’. Also, say that S is (g, p, *)-PAC-id optimal
ifitis (¢, p, |S|)-PAC-id and no S” is (g, p, k)-PAC-id for any k < |S|. Analogously we define three
PAC-em optimal sets. The optimal teacher T» thus comes in six versions, three for identification as
defined below, and three analogous ones (probable-em-, approx-em-, and size-em-) for employment.

* the probable-id-optimizer takes as input ¢, k and finds .S that is (g, *, k)-PAC-id optimal
* the size-id-optimizer takes as input ¢, p and finds .S that is (g, p, *)-PAC-id optimal
* the approx-id-optimizer takes as input p, k and finds S that is (x, p, k)-PAC-id optimal

5 Computing optimal and heuristic PAC Teaching sets

In this section we consider various algorithms computing teaching sets, of both the prudent-optimal
teacher and of the heuristic teacher.

5.1 Algorithms for computing optimal teaching sets

We start by investigating the computational complexity of the task faced by the prudent-optimal
teacher T'p. We achieve tight runtime bounds for all six versions of this task: teaching for identifica-
tion or employment while optimizing for size or approximation or probability. We give algorithms
whose runtimes provide upper bounds matching the lower bounds given by standard complexity
assumptions.

The algorithms can be adapted for identification teaching or employment teaching simply by switch-
ing between similarity functions sim and simy,. Firstly, note that in time O(|C||X|), for a fixed
approx-factor ¢ and target c*, we compute the set of Good concepts g-similar (or ¢z-similar) to c*.
The following Lemma for a given teaching set .S is very useful. Its proof is based on a dynamic
programming algorithm that fills a size |S|(|.S| + 1) DP table where D P[i][;] holds the probability

that a fixed concept is L-consistent j times on the i + 1 first examples’.

Lemma 1. Given consistency matrix C X X and 1, teaching set S, target concept c* and approx
factor g, and Good concepts q-similar (or qy,-similar) to ¢*, compute the probability that Lp(S) is
Good in time O(|C| - |S|?).

This lemma is used as a subroutine to give XP algorithms, parametrized by max-size k, for the
probable-id-optimizer and the probable-em-optimizer problems. We also show that the runtime of
these algorithms cannot be improved to the point of removing k& from the exponent, unless the W -
hierarchy collapses.

Theorem 1. The problem facing the Prudent-optimal PAC Teacher Tp for probable-optimizing (id
or em), given consistency matrix C x X and ~, approx factor q and max-size k, for a given target,
can be solved in time O(k3|C|| X |F). Moreover, when parametrized by k this problem is W [2]-hard.

By similar techniques, we are also able to give XP algorithms for the approx-id-optimizer and the
approx-em-optimizer problems, parametrized by max-size k. Again, we show that the runtime can-
not be improved to the point of removing % from the exponent, unless the W -hierarchy collapses.

Theorem 2. The problem facing the Prudent-optimal PAC Teacher Tp for approx-optimizing (id or
em) within a fixed precision (say d decimal digits), given consistency matrix C' x X and 7y, prob
factor p and max-size k, for a given target, can be solved in time O(k3|C||X|*). Moreover, when
parametrized by k this problem is W [2]-hard.

We also give algorithms for the size-id-optimizer and size-em-optimizer problems. These are again
shown to have runtimes that are asymptotically optimal under standard complexity assumptions, in
this case the Exponential Time Hypothesis and the Strong Exponential Time Hypothesis.

7Proofs of the lemma and all theorems can be found in the Appendix.



Theorem 3. The problem facing the Prudent-optimal PAC Teacher T'p for size-optimizing (id or
em), given consistency matrix C x X with | X| = m and v, approx factor q and prob factor p, for a
given target, can be solved in time O(m?2|C|2™). Moreover, under ETH no algorithm with runtime
20(m) exists, and under Strong ETH no algorithm with runtime (2 — €)™ exists for any € > 0.

5.2 Heuristic algorithms computing teaching sets

We discuss algorithms for Ty, i.e. heuristics computing good teaching sets for an error-aware learner
like Lp. One option is to focus on the Probably Correct aspect of PAC Teaching. Intuitively, we
want to teach with examples that uniquely identify the target, at least with few concepts sharing the
label of the target on this example. For a target concept c* first go over each example z € X and
calculate, for some distribution over concepts, the expected value of the event that c is L-consistent
with (z, ¢*(z)). We call this the Uniqueness of .

Uniqueness(x) = Ecop(oy [P(¢(z) = c*(x))]

Then sort the examples by the Uniqueness value and construct a teaching set greedily adding exam-
ples of lowest value first.

Another option is to focus on the Approximately Correct aspect of PAC Teaching. Intuitively, we
want to teach with an example z’ such that for the set of concepts C,+ that share the label of the target
on this example, it holds that these concepts are similar to the target. For a target concept c* first
go over each example 2’ € X and calculate the set of concepts Cyr = {c € C : ¢(z’) = ¢*(2')},
and then for some distribution over examples, calculate the expected value of the event that ¢ drawn
from C,/, by some distribution, is L-consistent with (x, ¢*(z)). We call this the Homogeneity-value
of 2. Then sort the examples according to Homogeneity-value and construct a teaching set greedily
adding examples of highest value first.

We implemented and ran these two heuristics on the concept class over multiples-of-k given in the
plots of Figure 2. In the below table we see the results for the case of a teaching set of size 1. Both
heuristics select a teaching set x of very low total teaching error of at most 0.02, for all 5 values
of k, showing their usefulness in this case. When deductive error is less influential, see Table 2 for
teaching sets of size two in the Appendix, these heuristics should be less useful.

Table 1: Selected teaching example ‘x’ (teaching size 1) by heuristic algorithm. The selected teach-
ing examples have consistently low teaching error across all target concepts.

Cuarger  Criterion T Heuristic Score  Mean Deductive Error ~ Teaching Error
5 Uniqueness 10 0.0 0.00 0.02
Homogeneity 10 0.124 0.00 0.02
7 Uniqueness 14 0.0 0.00 0.00
Homogeneity 14 0.089 0.00 0.00
11 Uniqueness 11 0.0 0.00 0.02
Homogeneity 305 0.086 0.79 0.00
13 Uniqueness 13 0.0 0.00 0.00
Homogeneity 132 0.073 0.76 0.02
17 Uniqueness 34 0.0 0.00 0.00
Homogeneity 34 0.077 0.00 0.00

We can also combine to give a heuristic for the Probably and Approximately Correct aspect of
PAC Teaching. Calculate a combined value for each example, based on some weighting between
having low Uniqueness and simultaneously having high Homogeneity, say Combined(z) = (1 —
Uniqueness(z)) + a x Homogeneity(z) for a chosen factor . Then sort by these values and
construct a teaching set greedily adding examples of highest Combined value first.

6 Conclusion

We have introduced the PAC teaching framework, that is useful whenever we have a learner who
does not perform perfect deductive inference. We have defined different behaviors of both the
teacher and the learner in situations where these errors are stochastic and measurable. We have



given algorithms finding the optimal teaching sets in these situations, and shown that the runtime of
these algorithms cannot be improved unless standard complexity assumptions fail.

The PAC teaching framework is useful even if we do not know the algorithms used by the learner.
This is clear from Table 1, where the LLM is not applying a learning algorithm known to us, but
after deriving its deductive errors we are able to use a heuristic algorithm to compute teaching sets
that increase the chance of successful PAC teaching.

Limitations. This work is primarily theoretical, establishing a basic framework having many appli-
cations, with experiments on a single LLM; more extensive empirical evaluation will surely follow.
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7 Appendix

7.1 LLM prompts

Here are the prompts used in our LLM experiments. See also the Github repository mentioned in
the footnote.

Deductive Error - System prompt

Answer format: ’Answer = Yes’ or ’Answer = No’

Deductive Error - User message

Is {k} a divisor of {x}?

Low Inductive Load - Teaching System prompt

Answer format: Answer = 5 or Answer = 7 or Answer = 11 or Answer = 13 or Answer
=17

Low Inductive Load - Teaching User message

Which of 5, 7, 11, 13 and 17 is a divisor of {x}?

High Inductive load - Teaching System prompt

Answer format: Answer = 5 or Answer = 7 or Answer = 11 or Answer = 13 or Answer
=17

High Inductive load - Teaching User message

Which of 5, 7, 11, 13 and 17 is not a divisor of {xl}, while it is a divisor of

{x2}7

7.2 Proofs of Lemma and Theorems

Here is the proof of Lemma 1.

Proof. In Algorithm 1 we give the pseudo code. Note that there are five outer for loops.

Let us first argue for correctness. We apply a top-down approach, arguing from the fifth and last
outer for loop to the first one, and hence start with restating the goal. With G the set of Good
concepts and B = C'\ G, we want to know the probability that a concept in G is L-consistent more
times than all concepts in B. We go over all the possible scenarios where at least one concept in G
is L-consistent at least once more than any concept in B, computed by the following formula

Pimazgec Xy >mazyepXp|S] =
S|
= ZP[maxgeng = 1|S] - PlmazpepXp < i—1]9]
i=1
In the above X, is simply shorthand for the count C'¢(c,S), and the reader can check that this
formula corresponds to the fifth and last outer for loop of the pseudo-code.

For sake of simplicity we omit the repeated .S from the rest of the equations. The fourth outer for
loop computes the probability that the highest count over all concepts in C equals ¢, and the formula
for this is given below. In the below equation we use a general set of concepts .S, which in the
pseudo-code is switched out with G or B depending on the calculation.

Plmaz.csX. =1i] = Plmazecs X, < i] — Plmazes X, <i—1]
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Algorithm 1 Calculate probability of Approximately Correct teaching for a given teaching set. Run-
time O(|C| - |S|?)

Input: S, C, vz, ¢* and ¢, yielding a partition of concepts into G good and B bad that we also
assume as input.
k<« |S|
force Cdo >0(C] - |SI?)
PMF, = DPyy(c, S) > O(|S|?)
foric {0---k} do > O(|S])
P[X.=1i] = PMF.[i]
end for
end for
forc € C do >O(|C]-1S])
P[XCSO]:P[XCZO}
foric {1---k} do >O(]S))
P[X.<i=P[X.=i]+ P[X.<i—1]
end for
end for
fori € {0---k}do >O(|G| -S|+ |B|-|S]) = O(|C| - |S))
PimazgecXy <il=1
Plmaxpep Xy <i] =1
for g € G do > O(|G)
PlmazgeaXy <] * = P[X, <
end for
for b € B do > O(|B])
P[mazbeBXb < 7,} * = P[Xb < Z]
end for
end for
PlmazgecXy = 0] = Plmazgea Xy < 0]
forie {1---k}do > O(]S))
PmazgeaXy = 1] = PlmazgeaXy < i) — PlmazgecXy < i — 1]
end for
Probability = 0
fori e {1---k} do > O(]S))
Probability + = PlmazgecXgy = 1] - P[mazpepXpy < i — 1]
end for
return Probability

with the base case

PlmazccsX. = 0] = PlmazcesX. <0

The third outer for loop computes the probability that the highest count is at most ¢ and the formula
is given below

Plmaz.csX. <i] = H P[X. <i]

The second outer for loop calculates the probability of a concept ¢ having count at most ¢, and for
this we use the Cumulative Distribution Function CDF

P[X, <i]=P[X.<i—1]+ P[X, =1

with the base case



Algorithm 2 DP;,,;(c, S). Find D P[i][j], probability that c is L-consistent j times on the ¢ + 1 first
examples of .S, forsome 0 < ¢ < |S] —1,0 < 5 < |9].

Input: ¢, S, v
keep(z,c) = (1 — vi(c, x)) if label of x is same as ¢(z)
keep(z,c) = v (c, x) if label of x is different from c(z)
k« |S]
DP « [K][k + 1] > Initialization
DP[0][0] + 1 — keep(S]0],¢)
DP[0][1] + keep(S[0],c)
forje{2---k}do
DPIO][j] « 0
end for
forie {1---k—1}do
DPIi][0] « DP[i — 1][0] - (1 — keep(S][i], ¢))
end for
foric{1---k—1}do
forje {1---k} do
DPIil[j] <= DP[i = 1][j — 1] - keep(S[i], ¢) + DP[i — 1][5] - (1 — keep(Sli], ¢))
end for
end for
forj € {0- -k} do
end for

Finally the first outer for loop calculates the probability that a single concept ¢ has count exactly 4,
namely

PlXe=1] Vieto|s))

In our pseudo-code this is done by a straightforward Dynamic programming called D Ps,;(c, S)
given as a separate Algorithm 2. This DP fills a |.S|(]|S| + 1) size table where D P[i][j], for some
0<i<|S]—1,0<j <]|S|, holds the probability that c is L-consistent j times on the i + 1 first
examples.

As we have argued along the way, these formulas compute what we need and they correspond to the
pseudo-code. We are therefore done with the correctness proof.

We now argue for the runtime. In the first outer for loop, the Dynamic Programming called
DPqyp(c, S) has runtime O(|S|?), and since this is computed for each concept the first outer loop
is O(|C||S|?). The second and third outer for loops are O(|C||S|), while the fourth and fifth are
O(]S]). We conclude that the runtime is O(|C||S|?) O

Here is the proof of Theorem 1.

Proof. For given ¢,k we search for the best probable-optimizing teaching set by going over all
subsets of size at most k, and for each one run the algorithm of Lemma 1 to find the largest value p
such that this set is (g, p, k)-PAC-id (alt. (g, p, k)-PAC-em). The set S associated with the highest
value p achieved this way is a (g, *, k)-PAC-id (alt. (g, *, k)-PAC-em) optimal set. The total runtime

is O(|C] 25, (%1 - i%) which can be simplified to O(k?|C|| X [*).

?

Improving this runtime to an FPT algorithm, i.e. to remove k from the exponent, would imply a
collapse of the W-hierarchy in Parameterized Complexity, as we now show. By a reduction similar
to one given in Shinohara and Miyano (1991) we show that the probable-optimizing problem is
W-hard. In the k-Hitting Set problem we are given an integer k and a family F' of subsets of a
universe U and asked if there are k£ elements of the universe that hit every subset in F', and this
problem is W[2]-hard Downey and Fellows (2013). The parameterized reduction from Hitting Set
to the probable-optimizing problem constructs an instance with example set X = U, and for each
A € F aconcept ¢y € C such that for x € X we set c4(x) = 1if and only if z € A. We add
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a target concept ¢* with ¢*(x) = 0 for all z, set v, (¢, z) = 0 for all z, ¢, set ¢ = 1, and crucially
(for the parameterized aspect) use the value of k as the size bound. Assuming there was an FPT
algorithm for the probable-optimizer parameterized by k, then given an instance of k-Hitting Set we
follow the above construction and run this algorithm on the constructed instance and check if the
optimal set returned was (g, 1, k)-PAC-id (or (g, 1, k)-PAC-em) optimal, i.e. with L(S) guessing
a 1-similar concept with probability 1, in effect guessing the target always. If that is the case we
have a yes-instance of the Hitting set problem, and otherwise we have a no-instance. This would
constitute an FPT algorithm for k-Hitting Set and concludes the proof of the Theorem. O

Here is the proof of Theorem 2.

Proof. For given p, k we search for the best approx-optimizing teaching set by using an outer loop
that performs a binary search for the best value ¢ within d decimal digits. This amounts to at most
log>(10%) iterations of the outer loop, which is O(1) for constant d. For each such value of ¢
we go over subsets of size at most k, and run the algorithm of Lemma 1, stopping as soon as the
output probability p’ is at least p, meaning this set is (g, p, k)-PAC-id (alt. (¢, p, k)-PAC-em). When
stopping this way we continue the binary search in the larger range, whereas if no set of size at most
k gives the successful stop then we continue in the lower range. For the highest successful value of
q the associated set S that forced the stop is a (x, p, k)-PAC-id (alt. (x, p, k)-PAC-em) optimal set.

The total runtime is O(|C| -5, (1X1) - i2) which can be simplified to O(k3|C|[| X |¥).

Improving this runtime to an FPT algorithm, i.e. to remove k from the exponent, would imply a
collapse of the W-hierarchy in Parameterized Complexity, by a similar reduction as the one given
above in the proof of Theorem 1. The difference to that reduction is only that now we set p = 1
and do the reduction to the case of fixed precision on a single decimal digit. Then, we have a yes-
instance of k-Hitting Set if and only if the highest successful value returned is ¢ = 1.0. Assuming
there was an FPT algorithm for the approx-optimizer parameterized by k, there would also be one
for k-Hitting Set. This concludes the proof of the Theorem. O

Here is the proof of Theorem 3.

Proof. For given ¢, p we search for the size-optimizing teaching set by going over all subsets and
for each such S run the algorithm of Lemma 1 to check if S is (g, p, |S])-PAC-id (alt. (g, p,|S])-
PAC-em). The smallest value & with a set S with |S| = k giving a positive answer means a (g, p, *)-
PAC-id (or (g, p, *)-PAC-em) optimal set of size k. The total runtime is O(m?2|C|2™).

It is known that the Hitting Set problem on a universe of size m cannot be solved in time 2°(™)
unless ETH fails Calabro et al. (2009), and under Strong ETH no algorithm with runtime (2 — €)™
for any € > 0 Cygan et al. (2016). We reduce Hitting Set to size-optimising teacher by giving
a similar reduction as the one given above in the proof of Theorem 1, to show the lower bound
stated in the Theorem. The difference to that reduction is only that now we fix ¢ = p = 1 and the
size-constraint varies with the size of S. Moreover, the answer is checked against the size of the
smallest S returned and the Hitting Set is a yes-instance if and only if |S| < k, for the value of k
given as part of the Hitting Set instance. Assuming there was an algorithm for the size-optimizer
with runtime O(2°0X1)) then this would translate, through this reduction, to an algorithm solving
Hitting Set in time 2°(™), refuting ETH. Likewise, an algorithm for the size-optimizer with runtime
O*((2—¢) IXT) for € > 0 would translate, through this reduction, to an algorithm solving Hitting Set
in time O*((2 — €)™), refuting Strong ETH. This concludes the proof of the Theorem.
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7.3 Table of results for the Heuristic algorithm

Table 2: Selected teaching set “z;, x5’ by heuristic algorithm in the scenario with high total teaching
error. As deductive errors are less correlated with teaching error in this setting, the non-optimal
teaching error resulting from these PAC teaching sets is expected.

Crarger  Criterion T1, Lo Heuristic Score  Mean Deductive Error ~ Teaching Error
5 Uniqueness {35, 119} 0.13 0.23 0.77
Homogeneity (35, 119) 0.13 0.23 0.77
7 Uniqueness {35, 660} 0.2 0.30 0.64
Homogeneity {455, 325} 0.2 0.43 0.94
11 Uniqueness {55, 190} 0.3 0.18 0.39
Homogeneity {55, 190} 0.3 0.18 0.39
13 Uniqueness {429, 374} 0.38 0.44 0.78
Homogeneity {845, 750} 0.38 0.38 0.65
17 Uniqueness {357, 672} 0.28 0.50 1.00
Homogeneity {5953, 385} 0.28 0.48 0.98
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